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A NOTE ON CSI-SUBMERSIONS FROM COSYMPLECTIC 
MANIFOLDS 


SUSHIL KUMAR|®|*, SUMEET KUMAR|®| AND RAJ KUMAR sRIVASTAVA|®| 


ABSTRACT. In this paper, our main objective is to study the notion of Clairaut semi- 
invariant submersions (C'SJ— submersions, in short) from Cosymplectic manifolds onto 
Riemannian manifolds. We investigate some fundamental results pertaining to the geome- 
try of such submersions. We also obtain totally geodesicness conditions for the distributions. 
Moreover, we provide a non-trivial example of such Riemannian submersion. 

Keywords: Riemannian submersions, Clairaut semi-invariant submersions, Almost contact 


metric manifolds. 


2010 Mathematics Subject Classification: 53C15, 53B20. 


1. INTRODUCTION 


Firstly, O’ Neill and Gray [9] separately studied the concept of Riemannian submer- 
sions between Riemannian manifolds in the 1960s. Using the notion of Riemannian submer- 
sions between almost complex manifolds, Watson studied almost Hermitian submersions. 
Further, the concept of anti-invariant submersion was first defined by Sahin from almost 
Hermitian manifolds onto Riemannian manifolds. Later, he introduced semi-invariant sub- 
mersion [25] from almost Hermitian manifolds onto Riemannian manifolds as a generalization 
of holomorphic submersions and anti-invariant submersion. Further, different kinds of Rie- 
mannian submersions on different structures have been studied, such as: slant submersions 
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[24], semi-slant submersions , conformal semi-slant submersion ({13],[21]), hemi-slant Rie- 
mannian submersions [81], conformal hemi-slant submersion [12], quasi-bi-slant submersions 
(see also [14], [20], [22], [26], [28], [29]) etc. 

Presently, the Riemannian submersions have abundant applications in pure mathematics 
and physics, for example, Kaluza-Klein theory [7], Yang-Mills theory [8], Supergravity and 
superstring theories etc. C. Altafini commenced using the notion of Riemannian 
submersions for the modeling and control of redundant robotic chain and proved that Rie- 
mannian submersion gives a close relationship between inverse kinematic in robotics and the 
pull back vectors. 

In the theory of surfaces created by rotating the curves, we note that, for any geodesic 
cfc: I, C R + N, on Nj) on the rotating surface Nj, the product rsin®© is constant 
along geodesic c, where O(s) is the angle between c(s) and the meridian curve through c(s), 
s € I, called Clairaut’s theorem [5]. It means that it is independent of s. In 1972, Bishop 
applied this idea to the Riemannian submersions and introduced the concept of Clairaut sub- 
mersion. Afterwards, Clairaut submersions have been studied in Spacelike spaces, Timelike 
and Lorentzian spaces ([16], [82], [33]) and its applications in Static spacetimes [I]. Later on 
this notion has been generalized in and [16]. Kumar et al., in [15], introduce the notion 
of Clairaut semi-invariant Riemannian map and Gupta and Singh in initiate the notion 
of Clairaut semi-invariant submersion from Kahler manifold and investigate some interesting 
geometric properties of these submersions. 

In the present paper, our focus is on investigating the notion of the CSJ—submersions 
from Cosymplectic manifolds onto Riemannian manifolds. The paper is organized as fol- 
lows: In the second section, we gather main notions and formulae for other sections. In the 
third section, we give the definition of the C'SJ—submersions from Cosymplectic manifolds 
onto Riemannian manifolds. We investigate differential geometric properties of such submer- 
sions. In the last section, we illustrate a non-trivial example of the CSJ—submersions from 


Cosymplectic manifolds onto Riemannian manifolds. 


2. PRELIMINARIES 


A (2n + 1)-dimensional smooth manifold Nj is said to have an almost contact structure 


[26] if there exist on Mj, a tensor field ¢ of type (1,1), a vector field € and 1-form 7 such that 


o =-1+7@, nod=0, of = 0, (2.1) 
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gi(&,§) = n() = 1. (2.2) 


If there exists a Riemannian metric g; on an almost contact manifold MN satisfying: 


(641,022) = gi(Z1, 22) —(Z1)n(2Z2), (2.3) 
9(Z1,¢2Z2) = —g1(oZ1, 22), 
91(Z1,€) = (Zi), (2.4) 


where Z1, Z2 are any vector fields on Ny. Then AN; is called almost contact metric manifold 
[6] with almost contact structure (¢,€,7) and is represented by (M1, 4, €,7, 91). 
An almost contact structure (@,€,7) is said to be normal if the almost complex structure 


J on the product manifold Ny x R is given by 


d d 
11,F—) =(oZ, - Z1)— 2.5 
J( Fa) (od 1 FEU a)? ( ) 
where J? = —I and F is a differentiable function on MN x R that has no torsion, i.e., J is 


integrable. The form for normality in terms of ¢, € and 7 is given by [¢, ¢] + 2dn @€ =0 on 
N,, where [¢, ¢] is the Nijenhuis tensor of ¢ . Further, the fundamental 2-form ©® is defined 
by ®(21, Z2) = 91(Z1, 622). 

A manifold Ny with the structure (4, €,7, 91) is said to be Cosymplectic if 


(Vz,¢)Z2 =0 (2.6) 


for any vector fields Z1,Z on Ni, where V stands for the Riemannian connection of the 


metric g; on Nj. For a Cosymplectic manifold, we have 
Ving =0 (2.7) 


for any vector field Z, on Nj. 
O’Neill’s tensors T and A are given by 


Ax, X2 = HVux, VX2 + VVnx, HX, (2.8) 


Tx, Xo = HVyx,VXo+ VVyx,HXe (2.9) 


for any X,,X2 on Nj. For vertical vector fields Y;, Y2, the tensor field TJ has the symmetry 
property, that is, 


while for horizontal vector fields X1, X2, the tensor field A has alternation property, that is 


Ay Xs =A. (2.11) 
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From the equations (2.8) and (2.9), we have 


Vy, Yo = Ty, Yo + VVy,Ya, (2.12) 
Vy 21= TH A+HUVY A, (2.13) 
V2i%1 =Az.¥i+VV2."N, (2.14) 
Ve, fo = HV 2, 2o+ Agi Ze (2.15) 


for all Yi, Yo € ['(ker F) and 21, Z2 € (ker Fy); where HVy, 21 = Az,V%, if Z is basic. 
It can be easily seen that 7 acts on the fibers as the second fundamental form, while A 
acts on the horizontal distribution and measures the obstruction to the integrability of this 
distribution. 


The Riemannian submersion F’ between two Riemannian manifolds is totally geodesic if 
(V Py) (U i, U2) =0 V U,,U2€ I(TN;). 


Totally umbilical Riemannian submersion is a Riemannian submersion with totally um- 
bilical fibers ({4], [5}) if 
Tz, 22 = 9\(41, Z2)H (2.16) 


for all 21, Z. € T'(ker F,), where H denotes the mean curvature vector field of fibers. 

Let F': (M4, 91) > (No, 92) be a Riemannian submersion between Riemannian manifolds. 
The differential map F,, of F can be viewed as a section of the bundle Hom(TN1, F~!T.N2) > 
N,, where F~!T.N is the pullback bundle whose fibers at ¢ € Nj is (F~!T.N2)q = Tr(QN2,¢ € 
N,. The bundle Hom(T.N,, F~'T.N2) has a connection V induced from the Levi-Civita con- 
nection V1 and the pullback connection V". Then the second fundamental form of F is 
given by 

(VE)(Vi, Va) = Vi,Fe(Va) — B(VYVS) (2.17) 


for the vector fields Vi, V2 € (TN). 


3. THE CSI—SUBMERSIONS FROM COSYMPLECTIC MANIFOLDS 


In the theory of Riemannian submersions, Bishop [5] initiated the concept of Clairaut 
submersion as: a submersion F’: (Ny, 91) > (N2, g2) is called a Clairaut submersion if there 
exist a function r: NV, — R* in such a way that any geodesic that makes an angle © with a 
horizontal subspace, rsin © is constant. 

On the other side, Sahin [27] generalized the concept of Clairaut submersion and initiated 


the study of Clairaut Riemannian maps and investigated its geometric properties. 
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Theorem 3.1. [5] Let F : (Ni, 91) > (No, 92) be a Riemannian submersion with connected 
fibers. Then, F is a Clairaut Riemannian submersion with r = e” if each fiber is totally 
umbilical and has the mean curvature vector field H = —Wh, where Vh is the gradient of the 


function h with respect to q1. 


Definition 3.1. Let F be a Riemannian submersion from an almost contact metric 
manifold (Ni, ¢,€,7,g1) onto a Riemannian manifold (N2,g2). Then we say that F is a 


semi-invariant submersion if there is a distribution D1 C ker Fy such that 
ker F, =D1®@D2, $(D1) = D1, ¢(D2) C (ker F,)~, 
where D1 and D2 mutually orthogonal distributions in (ker F.,). 


Let j: denotes the complementary orthogonal subbundle to ¢(D2) in (ker F.)+. Then we 

have 
(ker F.)~ = (D2) ® p. 

Obviously pz is an invariant subbundle of (ker F,)+ with respect to the contact structure ¢. 

We say that a semi-invariant submersion F : Ny — No admits a vertical Reeb vector 
field € if it is tangent to (ker F,) and it admits horizontal Reeb vector field € it is normal 
to (ker F,.). One can easily observe that j contains the Reeb vector field in case of the 
Riemannian submersion admits horizontal Reeb vector field. 


We now define the notion of CSI— submersion in contact manifolds as follows: 


Definition 3.2. A semi-invariant submersions from a Cosymplectic manifold (Ni, ¢,€,1, 91) 
onto a Riemannian manifold (No, 92) is called CSI— submersion if it satisfies the condition 


of Clairaut Riemannian submersion. 


For any vector field W; € I'(ker F:.), we put 
W, = PW, 4+ QW,, (3.18) 


where P and Q are projection morphisms [4] of ker F, onto D; and Dg, respectively. 
For U; € (ker F,.), we get 
Qu, = YU, + WU), (3.19) 


where WU, € T'(D1) and wW; € T'(¢D2). Also for V2 € I'(ker F,)+, we get 
oV2 = BV2 + CVa, (3.20) 


where BV2 € ['(®2) and CV2 € T(y). 
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Definition 3.3. Let F be a CSI— submersion from an almost contact metric mani- 
fold (Ni, ¢,§,7,91) onto a Riemannian manifold (No, 92). If uw = {0} or w =< € >, ie, 
(ker F,)+ = ¢(D2) or (ker F,)+ = 6(D2)@ < € > respectively, then we call ¢ a Lagrangian 


Riemannian submersion. In this case, for any horizontal vector field Z1, we have 
BZ = oz, and CZ = 0. (3.21) 


Lemma 3.1. Let F be a CSI— submersion from a Cosymplectic manifold (Ni, ,€,7, 91) 


onto a Riemannian manifold (N2, g2) admitting vertical or horizontal Reeb vector field. Then, 


we get 
VV Ww, We + Tw,wWe = BTw,W2 + YVVw, Wa, (3.22) 
Tw, We + HV w,wWe2 = CTw,W2 + wVVw, Wa, (3.23) 
VV py, BU2 + Ay, CU2 = BHVy, U2 + vA, U2, (3.24) 
Ay, BU2g + HV, CU2 = CHV y, U2 + wAy, U2, (3.25) 
VVw,BUi + Tw,CU1 = vTw, U1 + BHVw, U1, (3.26) 
Tw, BU, +HVy,CU1 = wTw, Ui + CHVw,U1, (3.27) 
VVu,0W1 + Ay, wW = BAy,W1 + 0VVp,W1, (3.28) 
Ay, YW + HVy,wW = CAy,Wi + 0VVu,Wi, (3.29) 


where W,W2 €V(ker F,) and U,,U2 € T'(ker F,)+. 


Proof. Using (2.12) — (2.15), (8.19) and (3.20), we get Lemma 3.1. 


Corollary 3.1. Let F be a Lagrangian submersion from a Cosymplectic manifold (M1, ¢, €, 7, 
gi) onto a Riemannian manifold (No, 92) admitting vertical or horizontal Reeb vector field. 


Then we get 
VV v,0V2 + Ty, wV2 = BTy, V2 + WVVv, V2, Ty, 0V2 + HV y,wV2 = wVVy, Vo, 
VVy, BY2 = BHVy, Yo + WAy, Yo, Ay, BY2 = wAy, Yo, 
Wy, BY =¥TV,%1 + BHVy, Ni, Ty, BM = wT N, 


WyyM + Ay, wV, => BAy, Vi + WVVy, VY, Ay, dV, + HV y,wVi = wVVy, Vi, 


where V,, V2 € (ker F,) and Y,, Y2 € I'(ker F,)+. 
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Lemma 3.2. Let F be a CSI— submersion from a Cosymplectic manifold (Ni, ¢,€,1, 91) 
onto a Riemannian manifold (N2, 92) admitting vertical or horizontal Reeb vector field. Then 


we have 
Tz, € = 0,Az,€ =0 (3.30) 


for Z, €U(ker F,)+ and Z. € T (ker F,)+. 


Proof. Using (2.12)—(2.15) and (2.7), we get Lemma 3.2. 


Lemma 3.3. Let F be a CSI— submersion from a Cosymplectic manifold (Ni, ¢,€,1, 91) 
onto a Riemannian manifold (No, 92). If y: Iz C RN, is a regular curve and Z(t) and 
Z(t) are the vertical and horizontal components of the tangent vector field y = E of y(t), 


respectively, then y is a geodesic if and only if along y the following equations hold: 


VV.,BZ2 + VV.0Z1 + (Tz, + Az, )CZ2 + (Tz, + Az, )wZ1 = 0, (3.31) 
HV yCZ2 + HV wl, + (Tz, + Az) BZ2 + (Az, + Tz, )0Z1 = 0. (3.32) 
Proof. Let y : Ig + M be a regular curve on Nj. Since 7(t) = Z1(t) + Z(t), where 


Z(t) and Z(t) are the vertical and horizontal components of +(t). Using (2.6),(2.12)—(2.15), 
(3.19) and (3.20), we have 


OVay = Vaey 
= Vz,V214+Vz,0N4t+VzZ~24+VzZ,0Z1 + 
Vz, B2Z2+Vz,CZo+ Vz,BZ2+ Vz,CZa, 
= VV.,BZ2+ VVsbZ1 + (Ta, + Az,)CZ2 + (Tz, + Az )wZ + 


HV CZ. + HVwLi + (Tz, + Az)BZ2 + (Az + Ta )0Z- 
From above, vertical and horizontal components are: 


VOV 3) = VV, BZ2 + VV~Z1 + (Tz, + Az)CZ2 + (Tz, + Am wh, 


HOV» = HV+CZo + HV wy + (Tz, + Az,)BZo + (Az, + Tz, )WZ. 


Thus 7¥ is a geodesic on Nj if and only if VéV,7 = 0 and HéV,7 = 0. 
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Theorem 3.2. Let F' be a Clairaut semi-invariant submersion from a Cosymplectic manifold 
(Ni,¢,€,7,91) onto a Riemannian manifold (N2, 92). Then F is a CSI— submersion with 
r =e" if and only if 
g(Vh, Z2)||Zi\|? = gi VVsBLZ2,0Z1) + 91((Ta, + Azy)CZ2,bZ1) + 
N(HV5CZ2,0Z1) + gi((Tz, + Az,)BZ2,wZ), 


where 7: Ig + N, is a geodesic on Ni, Z1(t) and Z(t) are vertical and horizontal compo- 


nents of ¥(t), respectively. 


Proof. Let y : Ig > Ny be a geodesic on Ny with Z(t) = V+(t) and Zo(t) = H(t). 
Let @(t) denotes the angle in [0,7] between 7(t) and Z(t). Assuming v = ||¥(t)||,?2 then we 
get 

gi(Zi(t), Z1(t)) = vsin? O(t), (3.33) 


gi(Zo(t), Z2(t)) = v cos” O(t). (3.34) 
Now, differentiating (3.33), we get 


LPCAON Z\(t)) = 2vsin Q(t) cos O(t) sed 


dt a 
dO 
n(VsZ1(t), Z1(t)) = ucosO(t) cos Oi) 
Using equations (2.3) and in above equation, we get 
: dO 
n(V,oZ1(t), $Z1(t)) = vsin O(¢) cos Olt) (3.35) 
Now we obtain 
W(ViOZ1,9Z1) = HVVsbZ1,0Z1) + nHV.wLZ1,wZ1) + (3.36) 


n (Tz, + Az,)~Z1,wZ1) + n((Tz, +Az,)wZ1,p~Z1). 


Using equations (3.31) and (3.32) in (3.37), we have 
9(V4021,6Z1) = —nVVyBZ2,021) — g1((Tz, + Az )CZ2,~Z1)— (3.87) 


QHV,CZ2,wZ1) — g1((Tz, + Az,)BZ2,wZ1). 


From (3.35) and (3.38), we have 


dO 
v cos Q(t) cos Oo) = -—9(VV+B2Z2,021) — n((Tz, + Az.)CZ2,~Z1) — (3.38) 


N(HV»CZ,WZ1) — 1 ((Tz, + Az,)BZ2,wZ1). 
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Moreover, 7 is a CSZJ— Riemannian submersion with r = e” if and only if a (e"°7 sin @) = 


0, i-e., e”°7 (cos ee +sin e*) = 0. By multiplying this with non-zero factor v sin 0, we have 


ieee = pee 
dt dt 
. .dO dh 
vcos © sin O—— = ~91(Z1, Za) ae 
(3) ; 
veos@sin@ = —gi(Vh,y||Zil/7, 
. dO 2 
v cos © sin O-—- = -gi(Vh, Z2)||Yil|*- (3.39) 


Thus, from equations (3.39) and (3.39), we have 
n(Vh, Z2)||Z|[? = NVV,BZ2,~Z1) + (Ta + Az, )CZ2,pZ1) + 
N(HV,CZ2,wZ1) + gni((Tz, + Az,)BZ,wZ). 


Hence Theorem 3.2 is proved. 


Corollary 3.2. Let F be aCSI-— submersion from a Cosymplectic manifold (Ni, ,€,7, 91) 


to a Riemannian manifold (No, 92) admitting horizontal Reeb vector field. Then we get 
gi(Vh, £) = 0. 


Theorem 3.3. Let F be a CSI— submersion from a Cosymplectic manifold (M1, ,€,7, 91) 
onto a Riemannian manifold (No, g2) with r = ce”, then at least one of the following statement 


1s true: 


(i) h is constant on ¢(D2), 

(it) the fibers are one-dimensional, 

(itz) Vox F.(Wi) = —W,(h)F.(¢X1), for all X1 € 1'(D2),Wi € T(u) and € 4 Wj. 
Proof. Let F' be CSI— submersion from a Cosymplectic manifold onto a Riemannian 


manifold. For Y1, Y2 € [(®2), using and Theorem 3.1, we get 
Ty, Yo = —91(¥1, Ya)gradh. (3.40) 
Taking the inner product in with ¢X1, we get 
91 (Ty, Y2, 0X1) = —91(V1, Y2)g1(gradh, oX1) (3.41) 


for all X; € (D2). 
From (2.3), and (3.41), we obtain 


g(Vy, 0Y2, X1) = 91(%, Ya) gi (gradh, dX;). 
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By using (2.3) and (2.16) in above equation, we have 
(V1, X1)91(gradh, dY2) = 91(V1, Y2)gi(gradh, oX1). 


Taking X, = Yo and interchanging the role of Y; and Yo, we get 
91 (Yo, Y2)91 (gradh, oy) = 91 (Y4, Y2)91 (gradh, pY2). 


Using with X; = Y; in (3.43), we have 


(91(%1, Y2))? 


more = TPA 


(gradh, ¢Y1). 


(3.42) 


(3.43) 


(3.44) 


If gradh € T'(¢(D2)), then (3.44) and the equality condition of Schwarz inequality implies 


that either h is constant on @(D2) or the fibers are 1-dimensional. This implies the proof of 


(i) and (iz). 


Now, from and (2.16), we get 
n(Vy,%1,Wi) = —91(%1, X1)91(gradh, W), 
for all Wy € T(u) and € A Wy. Using (2.3), and (3.45), we have 
n(Vy, 9X1, Wi) = —g1 (Vi, X1)g1(gradh, Wi), 


which implies 


n(V5x,%1,0W1) = —91(%1, X1)91(gradh, W,). 
By using and (3.46), we have 
(HV 6x,W1, ¥1) = —g91(N1, 6X1) 91( gradh, Wi). 
Also for Riemannian submersion F’, we have 
g2(Fe(V3x, Wi), Fx(OY1)) = —g2( Fe (0Y1), Fe(6X1))g1(gradh, Wi). 
Again, using and (3.47), we get 
g2(V gx Fe(Wi), Fa(6¥1)) = ~92( Fs(O¥1), Fo(OX1))ou(gradh, Wi), 


which implies. 


VoxsFs(Wi) = —Wa(h) F(X). 


If gradh € T'(j)\{E}, then (3.48) implies (iz). 


(3.45) 


(3.46) 


(3.47) 


(3.48) 
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Corollary 3.3. Let F be a CSI-— submersion from a Cosymplectic manifold (Ni, ,€,7, 91) 

onto a Riemannian manifold (No, g2) with r = e and dim(D2) > 1. Then the fibers of F are 
F 

totally geodesic if and only if Vox, F+(W1) = 0 VX1 € T(D2) and W; € T(p). 


Lemma 3.4. Let F be a CSI— submersion from a Cosymplectic manifold (Ni, ¢,€,1,91) 
F 

onto a Riemannian manifold (No, g2) with r = e" and dim(D2) > 1. Then Vw,Fs(¢Yi) = 

Wi(h)F.(¢¥i) for Y; €T(M2) and Wy € V(ker F,)+\{€}. 


Proof. Let F be a C'SI— submersion from a Cosymplectic manifold onto a Riemann- 
ian manifold. From Theorem 3.1, fibers are totally umbilical with mean curvature vector 


field H = —gradh, then we get 
—9(Vy,Wi,Y2) = g(Vy,¥2,W1), 
—n(Vy,W1,Y2) = —(%1, Y2)91(gradh, W,) 


for Yi, Yo € (D2) and W, € I'(ker F,)+\{€}. 
Using (2.3) and (2.6) in above equation, we get 


gn(Vw,oY1, Y2) = 91(6%1, 6Y2)91(gradh, W)). (3.49) 


Since F' is CSTJ— submersion and using (3.49), we have 


oo( Fs (VE, 6¥1), Fe(O¥2)) = go(Fe(4Y1), Fs(#¥2)) 91 (gradh, Wi). (3.50) 
From in (3.50), we obtain 
oa(Vw, Fa (Yi), Fe (6¥9)) = go( FY), F.(6¥s)) 91 (gradh, W4), (3.51) 


E 
which implies Vy, F.(¢Y1) = Wi(h)F.(@Y1) for Y; € P(M2) and W, € I'(ker F,)+\{é}. 


Theorem 3.4. Let F be a CSI— submersion with r = e” from a Cosymplectic manifold 
(Ni, %,€,7, 91) onto a Riemannian manifold (No, 92). If T is not equal to zero identically, 


then the invariant distribution D, cannot defined a totally geodesic foliation on N,. 


Proof. For ¥1,Y2 € ['(91) and U; € T'(Dz2), using (2.3), (2.6), (2.13) and (2.16), we 


get 


gi(Vy,Y2,U1) = (Vy, ¢Y2, U1), 


gi(Ty, oY2, gu,), 


—9 (V1, 6Y2)91(gradh, oU). 
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Thus, one can easily obtain the assertion from above equation and the fact that gradh € 


0(D2). 


Theorem 3.5. The CSI— submersion F with r = e" from a Cosymplectic manifold (N41, ¢, €, 


n,g1) onto a Riemannian manifold (N2, 92). Then the fibers of F are totally geodesic or the 


anti-invariant distribution D2 is one-dimensional. 


Proof. The result is quite obvious when we take the fibers of F' are totally geodesic. 


For second one, since F’ is a CSI— submersion, then either dim(®2) = 1 or dim(D2) > 1. If 


dim(D2) > 1, then we can choose U1, U2 € ['(®2) such that {U;,U2} is orthonormal. From 


(2.13), and (3.20), we get 


Ty, @U2 + HVy,¢U2 = Vu, Uae, 


Tu, pug + HVu,~U2 = BTu, Us + CTu, U2 + WVVuU, U2 + wVVy, U2. 


Taking the inner product above equation with U,, we obtain 
g1(Tu, U2, U1) = gi(BTy, U2, 01) + 91 (WVVu, U2, U1). 
From (2.3), and (2.13), we have 
gi(Tu, Ui, U2) = —91(Tu, @U2, U1) = 91(Tu, U2, U1). 
Now, using and (3.53), we get 
gi(Tu, Ui, U2) = —gi(gradh, ¢U2). 


From equations and (3.54), we obtain 


—gi(gradh, U2) = g1(Tu,U1, U2) = —91(Tu, @U2, U1) = 91(Tu, U2, U1). 


From above equation, we get 


g.(gradh, U2) — 91 (Ty, U2, U1), 
gi(gradh, oU2) = gi(U1,U2)g1(gradh, U1), 
gi(gradh, @U2) = 0. 

Thus, we get gradh 1 ¢(D2). 


Therefore, the dimension of D2 must be one. 


(3.52) 


(3.53) 


(3.54) 


(3.55) 
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4. EXAMPLE 


Example 4.1. Taking an Euclidean space Ni, given by Ni = {(21,22,y1,y2,z) € R?: 
(1,22, y1,y2) A (0,0,0,0) and z 4 0}. We define the Riemannian metric g; on Ni defined 
as g, = e* dx? + e?*dx2 + e?*dy? + e?*dy? + dz* and the Cosymplectic structure @ on Ny 


defined as $(#1,%2, 41,2, 2) = (Y1,Y2, -£1, —X2, 2). 


Let No = {(v1, v2) € R?} be a Riemannian manifold with Riemannian metric go, given by 


go = e** dvi + dv. Define a map F': R° > R? by 


LQ — Y2 
F(a1, £2, y1,y2; 2) = ( a oa): 


Then, we have 


ker Fy =< Xy = €1, X2 = eg +e4,X3 =e€3>,7 
D, =< X, =e), X3 = e3 >, Dg =< Xp = EQ + e4>, 


(ker F,)+ =< Hy =e —e4, Hp = €5 >,” 


where {e, = e* se, e2 = e* x, e3 = ee = ee, e7 = 2}, ‘C= 316 = a} 
are bases on Tp and Tpip)N2, respectively, for all p € Ni. By direct computations, we 
can see that F.(Hi) = V2e~*et, F.(H2) = e3, and gi(Hi,H;) = g2(F.Hi, F.H;) for all 
H;,H; € ((ker F,)+, i,j = 1,2. Thus, F is submersion. Moreover, it is easy to see that 
oX, = —X3, 0X2 = —H, and ¢X3 = Xj. Therefore F is a CST— submersion. 


Now, using the Cosymplectic structure, we see that 


€1,€1] = [e2, e2] = [e3, e3] = [e4, ea] = [e5, e5] = 0, (4.56) 
€1,e€2] = 0, [e1,e3] = 0, [e1, e4] = 0, [e1, e5] = e1, 

e2,e3] = 0, [e2,e4] = 0, [e2, es] = e2, [e3, ea] = 0, 

e3,€5] = 3, [e4,e5] = ea. 


The Levi-Civita connection V of the metric g; is given by the Koszul’s formula which is 


291(VxY, Z) (4.57) 


a Xm (Y, Z) +Yqi(Z,X) = Zq(X,Y) + n([X, Y], Z) — aly, Z\,X) + n([Z,X],Y). 
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Using equations (4.56) and (4.57), we obtain 


Vee = Veeo= Vee = Veer= a (4.58) 
Vee2 = Ve 63 = Ve es = Vevé1 = Ver€3 = Verses = 0, 
Vesé1 = Vezé2 = Vexea = Veqe1 = Veye2 = Veye3 = 0. 
Ver€5 = €1, Verses = €2, Veze5 = €3, Vexe5 = C4, Veses = 0. 
Therefore, we have 
Vex = Vee = a8 = Ventese2 +4 = 2s (4.59) 
Oz Oz 
Vx,X3 = Vesé3 = 22 Vx Xs = Ve,e2 = Vx, X3 = Ve, e3 = 0, 
Vx,X%3 = Ve,e3 = 0,Vx,X1 = Vere1 = 0, Vx,X1 = Veer = 0, 
Vx3X2 = Veze2+e4=0. 
Thus, we have 
TVV = Try X40 X2tA3X3A1Vi + AQV2 + AZV3, Ar, A2, Az € R, 
TyV = NT x, X1 + NBT x, Xo + A387, X3 + (4.60) 
At A2Tx, X2 + A1A3Tx, X3 + A2A3T x, X3 + 
M1 A2T xX X1 + A1A3Tx3X1 + A2QA3T x3 X2- 
Using equations and (4.59), we obtain 
Tx,x1 = 2, TX = 22 Tx,Xs = _ (4.61) 
Tx,Xq = 0,Tx,X3 = 0,Tx,X3 = 0, 7x, X1 = 0, 
Tx,X3 = 0,7x,X1 = 0. 
Now using equations and (4.61), we get 
Ty¥ =—Oj 2054 ee (4.62) 


Since X = A,X, + AX + AZX3, so gi(AiVi + A2Ve + A3V3,A1LVi + A2V2 + A3V3) = AZ + 


203 + pe For a smooth function h on R°®, the Vh w. r. t. the metric g; is given by Vh = 


—22 Oh O , ,—22 Oh O |, ,-22 Oh O |, ,-2z2 0h O , OhOA _ 
Ox, Ox, | Baa Org * © Oy Oy | Oy2 Oy2 | Oz pz: Hence Vi= 


h = z. Then one can easily find that TyV = —gi(V,V)VhA, thus by Theorem 3.1, the map F 


e 2 for the function 
Zz 


is a CSI— submersion from Cosymplectic manifold onto Riemannian manifold. 


10 
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ABSTRACT. The main purpose of this article is to introduce a new class of metric on an 
anti-paraKahler manifold (M?",y,g). First we investigate the Levi-Civita connection of 
this metric. Secondly, we study some properties of Riemannian curvature tensors. Finally, 
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1. INTRODUCTION 


Let (M™,g) be an m-dimensional Riemannian manifold and 93}(M) the set of all vector 
fields on M. We denote by ré, the Christoffel symbols of g and by V the Levi-Civita 


connection of g, this connection is characterized by the Koszul formula 


29(VxY, Z) = XG(Y, Z) + Y9(Z,X) _ Zg(X, a) + g(Z, Ix, ¥]) 


+9(¥, [2, X]) — 9(X, [¥, Z]). (1.1) 


for all X,Y, Z € S4(M). 
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The Riemannian curvature tensor R, the Ricci tensor Ricci and the Ricci curvature Ric 


of (M™, g) are defined respectively by 


R(X,Y)Z = VxVyZ-VyVxZ-VixwZ, (1.2) 
Ricci(X) = R(X, EE, (1.3) 
i=1 
Ric(X,Y) = 5  g(R(X, E))E;,Y) = g(Ricci(X),Y), (1.4) 
i=1 
for all vector fields X,Y, Z € S)(M), where (F1,--- , Em) be a local orthonormal frame on 


M. 
Consider a smooth map ¢: (M@™,g) > (N",h) between two Riemannian manifolds, then 


the tension field of ¢ is defined by 
T(@) = tracegVd¢d. (1.5) 


The energy functional of ¢ is defined by 


B(9,D) = 5 f lad? vy (1.6) 

such that D is any compact of M, where v, is the volume element on (M™, g). 
A map ¢ is called harmonic if it is a critical point of the energy functional E. Equivalently, 
@ is harmonic if it satisfies the associated Euler-Lagrange equations given by the following 


formula: 
T(¢) = 0. (1.7) 


For more detail on harmonic maps, see [7 {6} [8]. In recent years, this theme has been widely 
developed even on the tangent bundle and on the cotangent bundle has been done by many 
authors [2} [3} [4] [5] (13) (14) (15). These and more general mappings of Riemannian and affine 
connected spaces are explored in monograph [J]. 

In the present paper, we first introduce a new class of metric on an anti-parakahler 
manifold, namely the semi-conformal deformation of Berger-type metric. Then we calculate 
Levi-Civita connection of this metric ( Theorem (2.1). Secondly, we investigate all forms of 
curvature tensors (the Riemannian curvature, the sectional curvature ,the Ricci curvature 
and the scalar curvature) see ( Theorem [3.1] Theorem Theorem [3.3] Theorem [3.4| and 
Theorem|3.5). In the last section we study the harmonicity with respect to the semi-conformal 


deformation of Berger-type metric which is an interesting research task, as we studied on 
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some class of harmonic maps ( Proposition [4.1] Theorem |4.1| Proposition {4.3} Theorem |4.3} 
Proposition and Theorem |4.4). 


2. SEMI-CONFORMAL DEFORMATION OF BERGER-TYPE METRIC 


Let M be a 2m-dimensional Riemannian manifold with a Riemannian metric g. An almost 


paracomplex manifold is an almost product manifold (M?", »), y? = id, py # tid such that 
the two eigenbundles T*M and T~ M associated to the two eigenvalues +1 and —1 of y, 
respectively, have the same rank. 

The integrability of an almost paracomplex structure is equivalent to the vanishing of the 


Nijenhuis tensor: 
Ny(X,Y) = [pX, eY] — plpxX, Y] — y[X, pY] + [X,Y]. 


An anti-paraHermitian metric (B-metric) [10] with respect to the almost paracomplex struc- 


ture y is a Riemannian metric g such that 


g (px, yY) = G(X, Y); (2.8) 


i.e. is a (pure metric) 


g(px,Y) = G(X, yY), (2.9) 


for any vector fields X,Y on M. 

If (M?™,) is an almost paracomplex manifold with an anti-paraHermitian metric g, 
we say that the triple (M?™,y,g) is an almost anti-paraHermitian manifold (an almost B- 
manifold) [10]. If y is integrable, we say that (M?™,y,g) is an anti-paraKahler manifold 
(B-manifold) [10]. 

The purity conditions for a (0,q)-tensor field S with respect to the almost paracomplex 


structure y given by 
SON Nags acy Mg) SS Ay ONoss 154 Mg) Ha = BA AG or ORE) 


for any vector fields X1, X2,...,Xq on M [IQ]. 
It is well known that if (/?”, y, g) is a anti-paraKahler manifold, the Riemannian curva- 


ture tensor is pure [10], and we have 
R(pY,Z) = RY, ~Z) = RY, Z)p = pR(Y, Z), (2.10) 


for all vector fields Y, Z on M. 
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Definition 2.1. Let (M?™,y,g) be an almost anti-paraHermitian manifold. We define semi- 
p 


conformal deformation of Berger-type metric of g on M noted 5¥q by 


SPa(X,Y) = g(X,Y)+0?9(X, yé)g(¥, 98), 


for all X,Y € S§(M) and € € 3}(M) such that g(E,€) = 1, where 6 is some constant. (there 
are other works on the deformation of Berger-type metric on the tangent bundle and on the 


cotangent bundle see for example, [12]). 


In the following, we consider g(Vx(v&), Y) = g(Vy(v&), X), where V denote the Levi- 
Civita connection of (M?™, y, g). 


Note that we have, 


? = 1, 
9(PE, 9) (2.11) 
IV xf), 9) = 0, 
for all vector field X € S§(M). 
Lemma 2.1. Let (M?",.p,g) be an anti-paraKéhler manifold, then we have 
XP8G(¥,Z) = °8g(VxY¥, Z) + 5%G(Y,VxZ) + 69(Z, vé)g(¥, Vx (v6) 
+8°9(Y, v€)9(Z, Vx (v6), (2.12) 


for all vector fields X,Y, Z € S}(M). 


Theorem 2.1. Let (M?™,y,g) be an anti-paraKdhler manifold. If °?V denote the Levi- 


Civita connection of (M?™,°%q), then we have the following 


2 


6 
eV = Vx¥ + papa (Vx (#8), ¥) 06 (2.13) 


for all vector fields X,Y € S§(M). 


Proof. From Kozul formula (1.1), we have 


2°8g(SBVxY,Z) = X°8g(Y,Z) + ¥°%9(Z, X) — Z°%g(X, VY) + °%o(Z, [X, Y]) 


eg (¥, |Z, X)) = "9x, (YZ): 
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Using (2.12), we get 


2S2g(PBVxY,Z) = P8o(VxY,Z) +°?G(¥, VxZ) + 8G(Z, vé)G(¥, Vx (v8) 


+69 (¥, p)g(Z, Vx (vf)) + °?g(VyZ, X) + °%6(Z, Vy X) 


+8°9(X, pb) 9(Z, Vy (ve) + 0° 9(Z, pb) 9(X, Vy (v8) 

—889(V 2X, Y) —°%9(X, VzY) — 8 9(¥, vé)9(X, Va(v8)) 

— 89 (X, pé)g(¥, Vz(ye)) + °%9(Z, Vx¥) — %G(Z, Vy X) 
+°%q(Y, VzX) — °%9(¥, VxZ) — 8% G(X, Vy Z) — °¥9(X,VzY) 


= 2°8G(VxY, Z) + 26°9(Vx(vé), Y)g(v&, Z) 
2 


26 
= 2°%G(VxY,Z) + 7p a (V x (8), Y)G(¥8, 2). 


Hence, we get 


2 


Tee 


Using (2.11) and (2.13), we obtain the following 


PE eV yt (Vx (~&), Y)v€. 


SPV x(pl) = Vx(~é), (2.14) 


for all vector field X € S§(M). 


3. CURVATURES OF SEMI-CONFORMAL DEFORMATION OF BERGER-TYPE METRIC 


Theorem 3.1. Let (M2, ,g) be an anti-paraKahler manifold. If SBR denote the Riemann- 


ian curvature tensor of (M?™,°q), then we have the following 


2 2 


5 5 
7 gt, Y)p€, Z)pE + Tee Vy (v8), Z)V x (v6) 


(Vx(¥€), 2) Vy (¢&), (3.15) 


SFX Y)Z = RXY)Z+ 
2 


Siege 


for all vector fields X,Y,Z € 3)(M), where R denote the curvature tensor of (M?™, y, 9). 


Proof. For all X,Y, Z € S4(M), 


SUR (x Y)Z = BE Oe _ Ba PO a s, = SPV yZ. 
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By virtue of (2.13) and (2.14), we obtain 


62 
SBI SPY Z = PV y(VyZ + —s9(Vv (v6), Z)v6) 

r+5 

2 


1d" 


(Vy (v€), Z))°?V x (v6) 


= SBVy(VyZ)+ X (g(Vy (v€), Z)) p€ 


2 


rae 
ite” 


2 


} 
= Z) +— > 
Vx(VyZ) + Teed 


(Vx (vf), (Vy Z)) p& 


5° & 
Tp pV xVy (98): Z)98 + Taal 


Vy (&), VxZ)y€ 


2 


+72 gal Vv (v8), Z)Vx (v8) 


In fact, by substituting X by Y into the °?Vx5?VyZ, we get, 


62 
1464 
2 2 


0 6 
+g lVyV x (98), Z)p— + Tq pe lVx (98); Vy Z)v& 


SBYy SB yZ = Vy(VxZ)+ (Vy (p&), (Vx Z))p& 


2 


+2 g9(V x (96), 2)Vy (v6) 


We also find 


2 


) 
SEV x y\Z = Vexsvl4 + py gaa Viv (e8), Zee 


Hence, we have 


2 
SPR(X,Y)Z = R(X,Y)Z + 7 yal R(X,Y)96, Zk 
2 62 
+ pal Vy (6), ZV x (6) — 7s 9l Vx (6), ZV v (8) 


Theorem 3.2. Let (M?™,y,g) be an anti-paraKdhler manifold. If K (resp., °?K) denote 


the sectional curvature of (M?™,y,g) (resp., (M?™,°%g)), then we have the following 


POR : K(X,Y __* ag YY)? 
“— Bo ee av oe) | (GY) — yp x98), ¥) 
+ atVv (96), Y)(Vx(6),X)), (3.16) 


for any X,Y € 3§(M) two vector fields orthonormal with respect to g. 
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Proof. For « € M, V,W € S4(M) and such that V, and W, are linearly independent, 
the sectional curvature of the plane spanned by V, and W, is given by 


5Bq(SBR(V,W)W,V) 
SBg(V, V)58q(W, W) — 989(V, W)?" 


SBK(V,W) = 
First we calculate, 
SBg(SPR(X,Y)Y,X) = g(?R(X,Y)Y, X) + G(PFR(X, YY, vé)G(X, ve). 


From (2.11) and (3.15) with direct computation we get, 


g(R(X, YI, X) + al R(X, Y)96,Y)a(06, X) 


2 


1407 
2 


1489 
+8? 9(X, 96) (g(R(X,Y)Y, v6) 
2 


TT 9 
2 


TT 99 
2 


_ 6 
12” 


SPa(SBR(X,Y)Y, X) 


a (Vy (&), Y)g(V.x(p&), X) 


(Vx (v6), Y)9(Vy (v&), Xx) 


(R(X, Y)p&, Y)a(v, v&) 


(Vy (~8§), Y)g(Vx(v€), ye) 
(Vx(¥6), ¥)g(Vy (ve), #6)). 


By simple calculation, we find 
2 


Prge GY Yk) = R(X, Y)¥, X) + Taal 


R(X, Y)p€, Y)g(X, v€) 
62 

T4627 
2, 


Lge 
4 


Lage” 


+ (Vy (&), Y)g(V. x (~)X) 


(Vx (yf), Y)* — &9(R(X,Y) pE, Y)9(X, v6) 


a (R(X, Y)pE, Y)9(X, v€) 


2 


= K(X,Y)-— pV x(96),¥) 


(Vy (¥8), Y)g(V.x (ef), X). (3.17) 


62 
ties 
On the other hand, we have 

SPg(X, X)S¥q(¥,¥) — $¥9(X,¥)? = 146(9(X, v6)? + 9(¥,y6)"). (3.18) 


From (3.17) and (4.33), we get the formula (3.16). 
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Corollary 3.1. If Vé = 0, the sectional curvature S?K of (Ae, BBG) is given by 


eects = K(X,Y) 
14+ 62 (9(x, pb)? + 9(Y, é)?) 


for any X,Y two vector fields orthonormal with respect to gq. 


Remark 3.1. Let Oa ern be a local orthonormal frame on (M?™,y,g), such that 
FE, = vé, we define the orthonormal vector fields 


eS 1 Bs 
2. a, 0 =F. 422m, 3.19 
Po ape om) 


then {Ei} 17: is a local orthonormal frame on (M?™,°%q). 


Theorem 3.3. Let (M?™,y,g) be an anti-paraKéhler manifold. If Ricci (resp. °?Ricci) 


denote the Ricci tensor of (M?™,y,g) (resp., (M?™,°%g)), then we have the following 


67 62 
SPRicci(X) = Ricci(X) — Tage l% 8 — page RiclX, wb) v6 
6? : 62 
ty ga dive) V x (98) — Taga Vv xis (PS), (3.20) 


for all vector field X € S5(M). 


Proof. 


Let {Ej} i=Tam be a local orthonormal frame on (M 2m SBq) defined by (3.19). 
By the definition of Ricci tensor, we have 


2m 
SPRicci(X) = > S*#R(X, B,)E, 
i=1 
2m 


1 
1462 BPRUX, pE)pE + S- ee @ Ej) E;. 
1=2 
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From (2.10), and (3.15) with direct computation we get, 


1 


2 
SPRicci(X) = me (RX, pl)pé + RHR, PE) PE, PE) p& 


2 2 
+r FeV vel), pE)V x (vy) — p(T x98) pe) Vve(¥6)) 


7 Dy (RX, Ei) E; + 7 ga RX, E;)p&, Ei) p& 
1=2 
2 62 
+a (Va (v6), BA)V x (98) — a V x (v6), BV 2, (8) 


2 


1 6 
= Ty ge lh 8)8 + Ricci(X) — R(X, yh) yf — a5 Rie(X, wh) ek 


2 62 
div(p8)V x (#8) — TGV x(eo (8) 


& 8 
= Ricci(X)— Tq ge 86 = Tq gp hicls, pe) pt 


2 62 
div(p§)V x (PE) — 5 ry) 


ee 


+o <0 7 wo VV (~€) (¢6). 


Lao 


Theorem 3.4. Let (M?™,,g) be an anti-paraKdhler manifold. If Ric (resp. °?Ric) denote 


the Ricci curvature of (M?™,,g) (resp., (M?™,5®q)), then we have 


6 0 
Spay ; 
Ric(X,Y) = Ric(X,Y) — 7 eh ar i= Tp ge lVx8 Vy6) 
2 
+ piv 6) (Vx (6).¥), (3.21) 
for any vector field X € $}(M). 
Proof. Let {Ei} 17: be a local orthonormal frame on (M?™, 949) defined by (3.19). 


By the definition of Ricci tensor, we have 


SBRic(X,Y) = °%9(5?Ricci(X),Y) 


g(°PRicci(X), Y) + 6°g(°FRicci(X), pé)g(Y, v€). 
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From the formula (3.20) and direct computation we get, 


2 


SPRic(X,Y) = g(Ricei(X),¥) — 75 (R(X, £)E,Y) 
2 
= ; ga Pic(X, pf) a(~8, ¥) + = Top gz div (Sa x (8), Y) 
62 


Tyg Vv xia (V8). ¥) 


62 

+6°9(Y, 6) (g(Ricci(X), ye) — Te pA, ENE, v&) 

6? 62 
— Tap ga R(X, Wh) aE, 8) + ap div (pS) o(V x (8), 8) 
62 
39 Vv x(ve)(¥6), 98)) 

2 62 
To peUlRl%, EE, y (a92 Ric(X, pE)g(Y, v€) 


= Ric(X,Y)- 
oO 62 

try ga divleh)aV x (8), ¥) — pa a(Vvé, Vxé) 

2 


1+8 


Ric(X, pE)g9(Y, v&) 


2 2 
= Ric(X,Y) - po yal RXOGY) + 7 paivlebalVx(v8),¥) 


2 


6 
~ Ty gaV x8 Vvé8). 


Theorem 3.5. Let (M?™,y,g) be an anti-paraKdhler manifold. If o (resp., 8a) denote 


the scalar curvature of (M?™,p,g) (resp., (M?™,°®g)), then we have the following 


26" 0° 0° 
Ss 
Bo = o- Ta go tticl’, €)+ Tae —— (div(é))? — Tae <x tracegg(VE, VE). (3.22) 
Proof. Let {E;},_ Tom be a local orthonormal frame on (M 2m SBq) defined by (3 
We have 
2m ee 
5Bg = > SBRic( E,, E;) 
i=1 
{ 2m 
= SBp; SBp, . iB. 
= {et 62 Ric(yé, yé) 7 S- Ric( Ei, Fi). 


i=2 
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From the formula aa and direct computation we get, 


62 
SB = I+ —7 (Ric(ye, pe) — is 52 a (R(GE, ENE, y€) 


O° 62 
ay Tq gn tivles)g g(V ve(vE), P&) = Te gHI(V ve6: Voe8)) 
2m 82 
2 (Ric( Bi, Bi) _ Tq ga RE: 8), Fi) 
2 5 
try ga tives) o(V z, (98), Bi) = Tep(Ve Ve8)) 
62 2 
= 4 ra phiclé, £)-—oa — Ric(€,€) — ; Tq go tielé: €é)+ Ta (div(yé))? 
62 
— Tq gatracesg (VE, VE) 
26? 2 62 
a saa Ta gp Piclé, é)+ The (div(yé))? — ; Ta gairacesg (VE, VE). 


4. HARMONICITY OF SEMI-CONFORMAL DEFORMATION OF BERGER-TYPE METRIC 


4.1. The harmonicity of the Identity map. 
We study the both cases Id : (M?™, vy, g) > (M?™, 989) or Id : (M?™, 58g) — (M?™, vy, q). 


Proposition 4.1. The tension field r(Id) of Id : (M?™,p,g) > (M?™,°q) is given by 
2 


eld) = a ptiv(pe)e6. (4.23) 


Proof. Let {€:};-19m be a local orthonormal frame on (M?™ ,.,g), the tension field 
(Id) of Id : (M?™, y, g) > (M?™, 589) is give by. 
2m 
rid) = S > (8? vitdid(e;) - dId(Ve,e:)) 

i=1 

2m 

= (P? Varae, A d(ex) — Ve;es) 
i=1 
2m 


= (5? V 2,6: — Vee); 


i=l 
by virtue of theorem |2.1| we have 
2m 52 
rid) = »s (Veer a Tay p29 (Ves (¥8); ei) p§ — Vesti) 


i=l 
eS 
= Tr DL HVei (VE), ex) 
1=1 


62 
= Ty ge tivlvs)es. 
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From the proposition [4.1] we find the following theorem. 
Theorem 4.1. Id: (M?™,y,g) > (M?™, °%Q) is harmonic if and only if 
div(pg) = 0. (4.24) 


Proposition 4.2. The tension field of Id : (M?™,°%g) — (M?™,:y,q) is given by 


62 
= -———zdi : 4.2 
r(Id) = ~ 7 pdiv(yé)e (4.25) 
Proof. Let {Ei} om be a local orthonormal frame on (M?™, 5g) defined by (3.19). 
2m 


t(Id) = do (Viald(E;) — dld(PPV 5 E,)) 


i=1 


by virtue of theorem [2.1] we get 


2m 


. & 62 ~ 
rd) =) (V5.8: —Vp,B— -s39(V 5, (v6), Bye) 


i=1 
i=1 


62 52 2m 
— Trg a2 Vee(¥8), P8)OS — 75 S_ 9(Va, (v8), Baye 
i=2 
62 
= ~ppge tiles’. 


From the proposition [4.2] we obtain the next theorem. 


Theorem 4.2. Id : (M?™,°?g) + (M?™, yg) is harmonic if and only if 
div(pg) = 0. (4.26) 


Example 4.1. Let (M? =]0,+00[x]0,7[,,g) be an anti-paraKéhler manifold, such that 
(y,g) in polar coordinate defined by 
g = dr? + r7d0?, 


and 


0 . 01 a) a) ; 
= sin(20) —- + - cos(20) a5, Yaa rcos(20)—— — sin(20)—. 
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QO 1 ) 
Let € = cosd— — — , sin OA, By a simple calculation, we have 


Or 00° 
If) = 1, 
_,d 1 3) 
pe = sind2 + cosa, 
Viv) = 0, 
div(y) = 0. 


So, thus Id : (M?,~,g) > (M?,5%g) is harmonic, where 


SBg = (14.6? sin? 0)dr? + (r? + 6? cos” 0)d6? + r sin(20)drdd. 


4.2. Harmonicity of the map ¢: (M?”,°%g) —+ (N",h). 


Proposition 4.3. The tension field of the map @ : (M?™,°?g) —+ (N",h) is given by 


2 2 


-1il 


SB _ 
7() = TOO) — Tgp VGP(HE, 8) — 7 ga tivlb P(E), (4.27) 
where T(@) is the tension field of ¢: (M?™,y,g) —> (N",h). 
Proof. Let {Ei} 17: be a local orthonormal frame on (M?"™, 8g) defined by (3.19), 


we compute the tension field °?7() of the map ¢ : (M?™, 9g) —> (N",h). 


> Vice)? (Ei) — D7 do PPV 5 Ei). (4.28) 


i=1 


By direct calculations we obtain 


_ oN 
YW ~ V1b(E,) 2? (£1) EV at 


2m 


= SBM noo 49l 8) +) Vasey tE i) 


2m 


62 
= "Ta R Vio( ve) 4P( yl) + So Vb, )do( Ei) (4.29) 


i=1 
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and by similar calculations we obtain 


2m 2m 
3 dgOFV gE) = ddPPVg Bi) +>) dob? VE Ki) 
i=l i=2 

2m 


1 
= Ty ged P(Vev6) + d do(V n, Ei) 


2 


S> 9(V a, (vf), Bi)de(yé) 


+ 2 
a ae 


2 2m 


é6 
2 age db(V yet) + S > do(V n, Ei) 


i=1 


div(pf)ddb(pg). (4.30) 


62 
14+ 8 


In fact, by adding (4.29) and (4.30) in , we get 


2 2 
Tage VaOl¥s, pl) — ay) 


+ 


5Br($) = 1(¢)— aap div (p§) do(y8), 


where, 


Vdeb(yé, pE) = Viaw(ve tb ¥E) — dO(V eV). 
From the proposition [4.3] we obtain the following theorem. 


Theorem 4.3. The map ¢: (M?™,5®g —+ (N",h) is harmonic if and only if 


2 2 


5 5 
T() = rp Vdo(HE, vE) + ay 


148 9 div (yf) do(p). (4.31) 


4.3. Harmonicity of the map ¢: (M™,g) —> (N2",°®h). 


Proposition 4.4. The tension field of the map : (M™,g) —> (N2",°®h) is given by 


2 


6 
SB ome 
(8) = 1@)+ 


tracegh(V aura (YE), db(*)) PE, (4.32) 
where T(@) is the tension field of ¢:(M™,g) —> (N2",9,h). 


Proof. Let {e;} be a local orthonormal frame on (M™,g), we compute the 


i=I,m 


tension field °?7(¢) of the map ¢: (M™,g) —> (N?", 58h). 
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Pe) 


M: 


ll 
mn 


(SF Vice; 4b(€s) — db(Ve,€:)) 


§2 
(Vase, 4o(e%) + TeV doce.) (28): dd(ei)) p — do(Ve,e:)) 


t 
M: 


i=1 


62 
= Fo) + Tp grtraceahV a(x (8), dp(*) )p&. 


From the proposition [4.4] we obtain the following theorem. 


Theorem 4.4. The map ¢: (M™,g) —> (N",°®h) is harmonic if and only if 
2 


) 
7(¢) = Tp grtracegh(V dca) (8), 46%) )e6- (4.33) 
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CSI-¢+- RIEMANNIAN SUBMERSIONS FROM LORENTZIAN 
PARA-KENMOTSU MANIFOLDS 
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ABSTRACT. The purpose of this article is to examine the characteristics of Clairaut semi- 
invariant-€+ (CSI-€+ ,in brief) Riemannian submersions from Lorentzian para-Kenmotsu man- 
ifolds onto Riemannian manifolds and also enrich this geometrical analysis with specific 
condition for a semi-invariant €+-Riemannian submersion to be CSI-€+-Riemannian sub- 
mersion. Furthermore, we discuss some results about these submersions and present a 


consequent non-trivial example based on this study. 


Keywords: Riemannian submersions, Clairaut semi-invariant submersion, Lorentzian 
para Kenmotsu manifolds 
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1. INTRODUCTION 


Let N; be a semi-Riemannian manifold endowed with a semi-Riemannian metric gy,. 
A Lorentzian manifold is a subclass of semi-Riemannian manifold. Since the Lorentzian 
manifold has many applications in science and technology, especially in the theory of relativity 
and cosmology, therefore it attracts many researchers to do the research in this area. The 
different classes of Lorentzian manifolds have been studied in ({15], [16], [17], [25], [26]) and 


by many others. 
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The concept of Riemannian submersions is studied extensively together with starting the 
study of Riemannian geometry. In fact, the theory of Riemannian submersion was initiated 
by O’ Neill in 1966, and it has been further studied by Gray [13], in 1967. Watson 
[40] popularized the knowledge of Riemannian submersions considering almost Hermitian 
manifolds in terms of almost Hermitian submersions. The Riemannian submersions play 
a vital role not only in the differential geometry but also in science and technology. It is 
noticed that the theory of Riemannian submersions are capable to handle many issues of 
the singularity theory, Yang-Mills theory, quantum theory, Kaluza-Klein theory, relativity, 
superstring theories, mechanics, modelling, robotics etc. (see, [4], [7J, [6], [10], (11), [78], 
[19], [20]). For more details, we cite the books ({12], [35]) and the references therein. The 
Riemannian submersions motivate the researchers to define the semi-Riemannian submer- 
sions and Lorentzian submersion [12], almost Hermitian submersions [40], almost contact 
submersions [26], anti-invariant Riemannian submersions [34], semi-slant submersion [28], 
conformal anti-invariant submersions ([2I], [29]), conformal semi-invariant submersion [22], 
conformal semi-slant submersions ({22], [30]), para-contact submersions [14], quasi bi-slant 
submersion ({31], [32], [83]). 

In 1972, Bishop presented the hypothesis and conditions of a Clairaut submersion in 
terms of a natural generalization of a surface of a revolution. Let c is any geodesic defined 
asc: 1, Cc R > M, ¢(s) is the angle between c(s) and the meridian curve through c(s), 
s € I;. Under these conditions, the product rsing is constant on the revolution surface M 
along geodesic c. Hence, it is apart from s. Afterwards, this idea has been considered in 
Lorentzian spaces, timelike and spacelike spaces ({24] [37], [38]). 

In 1981, Allison [8] proposed Clairaut submersions in case the total manifold is Lorentzian. 
In addition, it is discovered that Clairaut submersions are used for static spacetime appli- 
cations. Furthermore, Clairaut submersions have been generalized in [5]. The concept of 
anti-invariant Riemannian submersions was initiated by Lee in 2013. On the other hand, 
Sahin introduced Clairaut Riemannian map and studied it’s geometric properties in 2017. 

In 2017, Akyol, Sari and Aksoy [I] introduced the notion of semi-invariant €+—Riemannian 
Submersions as well as semi-slant €+—Riemannian Submersions [2], as a generalization of anti 
invariant £+—Riemannian Submersions and discussed the geometry of the total space and 


the base space for the existence of such submersions. 
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The above studies inspire us to introduce the notion of CSI-€+-Riemannian submersions 
from the Lorentzian para-Kenmotsu (a subclass of semi-Riemannian) manifolds to the Rie- 
mannian manifolds and characterize its geometrical properties. Throughout the paper, we 
denote the Lorentzian para-Kenmotsu manifold of dimension n by (Nj, gn,). It is noticed 
that Akyol et al. has been studied the properties of semi-invariant €4—Riemannian Sub- 
mersions from a class of Riemannian manifold (almost contact manifold) to a Riemannian 
manifold but in this paper, we are going to characterize the properties of CSI-€+- Riemann- 
ian submersions from a class of semi-Riemannian manifold to a Riemannian manifold, which 
is an extension of [I]. 

We exhibit our work as follows: Section 2 contains some basic results of Lorentzian para- 
Kenmotsu manifold, a non-trivial example of Lorentzian para-Kenmotsu manifold. In Sec- 
tion 3, we give the basic definitions related to semi-invariant £4— Riemannian Submersions 
and well-known Lemma. In section 4, we define CSI-€+- Riemannian submersions from 
the Lorentzian para-Kenmotsu manifolds and discuss some geometrical properties of such 
submersions. The last section is concerned with a non-trivial example of Lorentzian para- 


Kenmotsu manifold with CSI-€+- Riemannian submersion. 


2. LORENTZIAN PARA-KENMOTSU MANIFOLDS 


Let N; be an n—dimensional Lorentzian metric manifold if it is endowed with a structure 
(¢,€,",9N,), where ¢ is a (1,1) tensor field, € is a vector field, 7 is a 1—form on Ny and gy, 


is a Lorentzian metric satisfying: 


e =1+n@£,d0£=0,n0d=0, (2.1) 
gn, (@W1, 6W2) = gn, (W1, We) + n(W1)n(W2), gn, (GW1, We) = gn, (Wi,¢W2), (2.2) 


n(€) = lan (Wo, €) _ n(W2), (2.3) 


for any vector field W,, W2 on Nj, then it is called Lorentzian almost para-contact manifold. 


In the Lorentzian almost para-contact manifold following relations hold: 
&(W1, W2) = &(W2, W1) = gn, (Wi, 6W2), (2.4) 


where ® is symmetric (0,2) tensor field and vector fields W; and W2 on Nj. 


If € is a killing vector field, the para-contact structure is called K—para contact. 
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A Lorentzian almost para-contact manifold Nj is called Lorentzian para-Kenmotsu man- 
ifold {9 if 
(Vw. 9)W2 = —9n, (OW1, Wa) — n(W2)dM1, (2.5) 
for any vector field W,, W 2 on Nj. 


In the Lorentzian para-Kenmotsu manifold, we have 
Vg = —W2 — (Wa), (2.6) 


(Vwi7)W2 = —9n, (Wi, W2) — n(Wi)n(W2), (2.7) 


where V denotes the operation of covariant differentiation (Levi-Civita connection) with 
respect to the Lorentzian metric gy,. 


In a Lorentzian para Kenmotsu manifold, it is clear that 
rankéd =n—1. 


Example 2.1. We consider (2n+1) dimensional manifold R?°+! = {(x!,2?,....,2",y', 
y?,...y”,2z) = (2*,y",z) € R211 (at y',z © Ri = 1,2,....,.n)}. Consider R°"*! with the 
following structure: 
b(Xi) = Yi, (Vi) = Xi, O(€) = 0, 
which are linearly independent at each point of Ny. Let gn, is Lorentzian metric defined by 
gn, = —(n®n) + 74 So (az' © dx’ + dy’ @ dy’), 
i=1 
PX =X + (XE, gn (X,€) = 0(X), 

for all vector fields X on R?"*?, 


Then, (R?™*1, 6,€,n,gn,) is a Lorentzian para-Kenmotsu manifold. The vector fields 


Xi = e722. Y; = ee and & = 2 form a ¢—basis for Lorentzian para-Kenmotsu mani- 


fold R2"*!, where i = 1,2,.....,n. 


3. SEMI-INVARIANT €+— RIEMANNIAN SUBMERSIONS 


An essential background of Riemannian submersions (F' : N,; — No) and definition of 
semi-invariant €+— Riemannian submersions are given at this section. It is well-known that 


the fundamental tensors JT and A, define by O’Neill’s by 
Az, U1 = HV uz, VU1 + VVxz, HU, (3.8) 


Tz,U1 = HV yz, VU 1 + VV yz, HU, (3.9) 
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for any vector fields Z,,U; on N;, where V is the Levi-Civita connection of gy, . 


From equations (3.8) and (3.9), we have 


Vy, 20 = Ty, Z2 + Vy, Za, (3.10) 
Vy,U1 = Fy, Ui + HVy U1, (3.11) 
VWo.¥%1 = Av, ¥i t+ VN, (3.12) 
Vu, We = UVu,We + Av, We (3.13) 


for all Yj, Z2 € ['(ker F,) and U,, W2 € I'(ker Eye where HVy,U; = Ay,Vi, if Ui is basic. 
It is easy to notice that A performs on the horizontal distribution and estimates the inter- 
ference to the integrability of this distribution and 7 performs on the fibers as the second 
fundamental form. . 


Here F' between two Riemannian manifolds called totally geodesic if 
(VF.)(U1, W2) = 0, for all U1,W2 € T (Ni) (3.14) 
and F is called totally umbilical if [6] 
Ty, Yo = gn, (Vi, Yo) (3.15) 


for all Y1, Yo € I'(ker F,), where H represents the mean curvature vector field of fibers. 


The the second fundamental form of F' is given by 
(VE.)(Wi, We) = Vip, F(We) — Fe(Viy, Wa) (3.16) 


for vector field Wi,W2 € I'(T'Ni), where V" denotes the pullback connection [6] and it is 


easy to see that the second fundamental form is symmetric. 


Lemma 3.1. [6] Let (Ni, gn,) and (No, gn.) are two Riemannian manifolds. If F : Ny > No 
Riemannian submersion between Riemannian manifolds, then for any horizontal vector fields 


Y,, Yo and vertical vector fields Z,, Z2, we have 


(a) (VF.)(Yi, Yo) = 0, 
() (VF,)(Z1, 22) = —Fs(Tz, 2) = —F.(V 7} 2a), 
(c) (VF.)(Y1, 21) = —B(Vy Z1) = —F(Ay, 21). 
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Definition 3.1. Let (Ni,gn,) be an almost Hermitian manifold and (No, gn.) be a 


Riemannian manifold. Then we say that F is a semi-invariant Riemannian submersion if 


there is a distribution D, C ker Fy such that 
ker F, = D1 © Do, J(D1) = Di, J(De2) © (ker F,)+. 


We can write 
(ker F,)~ = J(D2) © p, 


where, yw is an invariant subbundle of (ker F,)+. 


Definition 3.2. Let F : (M1, ¢,§,,9Nn,) 7 (Na, 9n,) be a Riemannian submersion in 
such a manner that € is normal to (ker F.) and (ker Fi.) is anti-invariant with respect to ¢. 


Then F is called an anti-invariant €+-Riemannian submersion. 


Definition 3.3. [I] Let F : (M1, ¢,€,",9n,) > (No, gn) be a Riemannian submersion from 
an almost para-contact metric manifold onto a Riemannian manifold. F is called a semi- 


invariant €+-Riemannian submersion if D, C (ker F,) is such that 
(ker F,) = D, ® Do, (D1) = Dy, (D2) C (ker F,)*. 


4. CSI-€+-RIEMANNIAN SUBMERSIONS FROM A LORENTZIAN PARA-KENMOTSU 


MANIFOLDS 


In this section, we define and study CSI-€+-Riemannian submersion from Lorentzian para- 
Kenmotsu manifolds onto a Riemannian manifolds. 
In the theory of Riemannian submersions, Bishop defines the notion of Clairaut sub- 


mersion: 


Definition 4.1. Let a is any geodesic on Ni, r is a positive function on Ny and O(t) is 
the angle between a and the horizontal space at a(t) for any t. If the function (ro a) sind 
is constant on Nj, then a Riemannian submersion F : (Ni,gn,) — (Noa, gn.) 18 called a 


Clairaut submersion. 


Theorem 4.1. [8] Let F : (Ni, 9n,) + (No, 9n,) be a Riemannian submersion with connected 
fibers. Then, F is a Clairaut Riemannian submersion with r = ef if each fiber is totally 
umbilical and has the mean curvature vector field H = —Vf is the gradient of the function 


f with respect to gn,. 
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Definition 4.2. A semi-invariant €+-Riemannian submersion F from a Lorentzian para- 
Kenmotsu manifold (N1,¢,€,,gn,) onto a Riemannian manifold (Nz, gn.) is called Csi-€+- 
Riemannian submersion if it satisfies the condition of Clairaut Riemannian submersion 1.e., 
if each fiber is totally umbilical with mean curvature vector field H = —Vf with respect to 


gN,, then F is a Clairaut Riemannian submersion with r = ef. 


Now, using definition (4.1), we have 
(ker F,) = D1, ® Dz, (D1) = Dy, (D2) © (ker F,)*. 
Thus for any V; € (ker F.), we put 
Y= PVi + QVi, (4.17) 


where PV; € [(D;) and QV; € T'(D2). 


In addition, for Y; € (ker F.), we get 
6% =U +wN, (4.18) 


where ¢Y; € (D1) and wY) € T'(¢Dz). 


I'(ker F,)+ is decomposed as 
(ker F,)> = 6(De) © p. 


Here yp is invariant and contains €. 


Also for X2 € I'(ker F,)+, we have 
pXe = BXot+ CX, (4.19) 


where BX € T'(Dez) and CX2 € T(p). 


Lemma 4.1. Let F be a semi-invariant €+-Riemannian submersion from a Lorentzian para- 


Kenmotsu manifold (Ni, ¢,&,,9n,) onto a Riemannian manifold (No, gn,). Then, we get 


VWVy,UZ1 + Ty,wZ = BTy, 21 + WVVy,Z1, (4.20) 
Fy, UZ, +HVy,wlZ1 + gn, (OM, Zi)E = CTy, 21 +wVVy, 21, (4.21) 
VV y, BW + Ay,CW, + n(W,) BV, = BHVy,Wi + pAy,Wi, (4.22) 


Ay, BW, + HVy,CW, + n(W1)CVi + gn, (CV, Wi)E _ CHV y,Wi + wAy, Wi, (4.23) 
VVy, BV + Ty,CVi + nViyweyy = Ty, Vi + BHVy, Vi, (4.24) 


Ty, BV, + HVy,CVi + n(Vi)wYi + gn, (wVi, VidE = wTy, Vi + CHV y, M1, (4.25) 
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VVvy,0"N1 + Ay oN = BAY N+ YVVVN, (4.26) 
Av, uM +HVv,0N1 + gn, (BV, Niyé = CAv, Yi + wVVV,N1, (4.27) 


where Y1, Z, € V(ker F,) and V,,W, € T'(ker F,)+. 


Proof. Using equations (2.5), (3.10)-(3.13), and (4.19), we get Lemma 4.1. 


Lemma 4.2. Let F be a semi-invariant €+-Riemannian submersion from a Lorentzian para- 
Kenmotsu manifold (Ni, ¢,&,7, 9n,) onto a Riemannian manifold (No, gn,). Ifa: I2cR-> 
N, is a regular curve and Z(t) and U;(t) are the vertical and horizontal components of the 
tangent vector field a = E of a(t), respectively, then a is a geodesic if and only if along a 


the following equations hold: 
VV 4021 + VV,,BU, + (Tz, + Au, )wZ + (Tz, + Au, )CU1 + 7(U1) (W271 + BZ) = 90, 
HV ,wZit+HV ,CUi+(Tz, +Au, )¥Z1+(Tz, +Au, )BUi+9n, (ba, &)E+n(U1)(wZ1+CZ;) = 0. 


Proof. Let a: Iz + Nj is aregular curve on Nj and a(t) is the tangent vector field. If 


Z,(t) and U;(t) are the vertical and horizontal parts of the tangent vector field, respectively. 
Then a(t) = Z;(t) + Uj(t). From equations (2.5), (3.10)-(3.13), (4.18) and (4.19), we get 
OV 4. = Vaba— (Vad)a, 


=VzZ,024+Vz2041 + Vz,BU1 + Vz,CU1 + Vu,o41 + VuwZ1 


+ Vu, BU + Vu,CU1 + gn, ($0, aE + (Ui )(pZ + BZ) +(Ui)(wZ + CZ), 


= Tz, 021 + VV 2,021 + Tz,0Z1 + HV 7,021 + Tz, BU1 + VV z, BU 


+ Tz,CU, + HVz,CU1 + Au, Y71 + VVu, YA + HV, wZ1 + Au, wl 


+ Ay, BU, + VVu, BU; + HVu,CU1 + Au,CU1 + gn, (ba, ayé 


+ nUi)(o~Z + B21) +(Ui)(wZ + CZ). 
Taking the vertical and horizontal components in above equation, we have 


VOV a _ WV WZ + VV, BU + (Tz, + Ay, )wZ + (Tz, + Ay, )CU; + n(U1) (WZ, + BZ), 


HOV a = HV ,wZ1 +HV,CUl + (Tz, + Au, WZ + (Tz, + Av, BU 
+ IN, (da, ayé + n(U1)(wZ4 + CZ)), 


Hence, a is a geodesic on Nj if and only if VoV,a and H@V a both are vanish, which 


gives our result. 
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Theorem 4.2. Let F be a semi-invariant €+-Riemannian submersion from a Lorentzian 
para-Kenmotsu manifold (Ni, ¢,€,,9N,) onto a Riemannian manifold (N2,gn,). Then F is 
a Csi-€+-Riemannian submersion with r = ef if and only if 
(om (VF, Zr) — (ZIM? = —9m, (VV gBZ1, Wi) — gw, (HV 4CZ1,0V1) 
-_ gn. (Tv, + Az,)CZ, uM) — 9M, (Ty F Az, )Br, wV}) 


where a: Iz + Ny is a geodesic on Ny and Vi, Z, are vertical and horizontal components of 


a(t). 


Proof. Let a: Iz + N, be a geodesic on N; with Vi(t) = Va(t) and Z(t) = Ha(t). 
Let 6(t) denote the angle in [0,7] between a(t) and Z,(t). Assuming v = ||a@(t)||? then we 
get 


gn, (Vi(t), Vi(t)) = vsin® O(¢), (4.28) 
gn, (Zi(t), Z1(t)) = v cos? O(t). (4.29) 


Now, differentiating (4.28), we get 


d . dé 
Im Mit), Vi(t)) = 2v cos @(t) sin A(t) 
Using equation (2.2), we get 
. do 
gn, (OV QV, Vi) = v cos A(t) sin A(t) (4.30) 


Now, using equation (2.5), we get 


VabVi = OVaVi + gn, (Ga, VidE, 


IGN, (@V QV, Vi) = 9M (V.oVi, ov), 
= 9N, (VV,0V1, Vi) + gn, (HV WM, wV}) + 9N, ((Az, a5 Ty, uv, wV}1) 


+ OM, ((Az, + Ty, )wVi, wv). 
Using Lemma 4.2 in above equation, we get 
IN, (VV, Vi) = —9N, (VV,B, WVi) ~~ IN, (HV ,CZ1, wV;) 
— gn, (Ty, + Az, )CZ1,¥Vi) — gn, (Ty, + Az,)BZ1,0V1) 


— (Zi )9n, (V1, Vi). (4.31) 
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From equations (4.30) and (4.31), we have 


y cos O(t) sin O(t) oe 


‘Pr —9n, (VV _B21, 0Vi) — gn, (HV 4CZ, wVi) 


= gn, (Ty + Az, )CZ, wVi) ~~ gn, (Ty, aig Az,)BZ1,wV1) 
Moreover, F is a Csi-€+-Riemannian submersion with r = ef if and only if 


“(ef sin 0) = 0 


dé d 
ef°*(cos Oe + sino) = 0. 
(4.33) 
Multiplying with non-zero factor usin @ on both sides, we have 
a ls - : 2 ,4f 
—v cos @ sin O— = vusin ere 
do d 
vcos @ sin = —gn, (Vi, vi) 
. dé 2 
vcos O sin O— = -—gn,(Vf,a)||Mil|*, 
. dé 9 
vcos@sind— = —gn,(Vf,Z1)||Mil|*- (4.34) 


dt 


Thus, from equations (4.32) and (4.34] (4.34), we have 
(gm. (VF, 21) — (Zr) IMAI? = 9m, (VV QBZ1, Vi) + gn, (HV 4CZ1, wVi) 
+ GN, (Ty, + Az,)CZ, WV) = IN, (Ty + Az,)BZ1, wV;). 


Hence the theorem 4.2 is proved. 


Corollary 4.1. Let F be a semi-invariant €+-Riemannian submersion from a Lorentzian 
para-Kenmotsu manifold (Ni, ¢,€,7,9n,) onto a Riemannian manifold (No, gn,). Then, we 


get 
IN, (Vf, E) ips 


Theorem 4.3. Let F be a Csi-€+-Riemannian submersion from a Lorentzian para-Kenmotsu 


manifold (Ni,¢,€,,9Nn,) onto a Riemannian manifold (N2,gn,) with r = ef. Then, we get 
Agyv, M1 = Yi(f)M (4.35) 


for Y; © T(w) and V, € T(D2), such that PY is basic. 
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Proof. Let F be Csi-€+-Riemannian submersion from a Lorentzian para-Kenmotsu 
manifold onto a Riemannian manifold. For X,,X2 € I(D2), using equation (3.15) and 


Theorem 4.1, we get 


Tx, X2 = —gn,(X1, X2)gradf. (4.36) 


Now, we take inner product with @Vj in equation (4.36), 


9gN, (Tx, X2, V1) =—9JN (X1, X2)9N, (gradf, evi), (4.37) 


for all Vi € P(D2). 


From equations (2.2) and (2.5), we obtain 
IGN, (Vx, oXa, Vi) = — IN, (X11, X2)9N, (gradf, ov)). 
Here V is metric connection, so we can use equations (3.15) and (4.37) in above equation 
and get 
gn, (X1, Vi)gn, (gradf, 6X2) = —gn, (X1, X2)9n, (gradf, oVi). (4.38) 


Now, we take Vj; = Xo and obtain the following equatin by interchanging the role of X, 
and Xo, 


gN, (X2, X2)9n, (gradf, 6X1) = gn, (X1, X2)9n, (gradf, 6X2). (4.39) 


Using equation (4.39) with V; = X1 in (4.38), we have 


_ (gn, (X1, X2))? 


gn, (gradf, 6X1). (4.40) 
|| Xa]|?||Xal|? “ 


gn, (gradf, 6X1) 


If gradf € T'(¢(D2)), then equation (4.40) and the condition of equality in the Schwarz 
inequality implies that either f is constant on ¢(D2) or the fibers are one dimensional. 


On the other hand, using equation (2.5), we get 
9Ni ($V x1Vi, 9Y1) = 9ni (V x1 Ni, OY1) 
for Y; € T'(u) and Y; 4 €. Now, using equation (2.2), we obtain 
gn, (Vx, 6Vi, 6Y1) = gn (VxiM, V1). 
Using equations and in above equation, we get 


gn, (Vx,0M1, Y1) = —9n, (X11, Vi)gn, (gradf, Y1). 
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Since @Y; is basic and using the fact that HV x,¢Vi = Agv, X1, we get 


gn, (Vx, 6Vi, 1) = —gn, (X1, Vi)gn, (gradf, Y1), 
gn, (Agv, X1, 6Y1) = —gn,(X1, Vi)gn, (gradf,¥1), 


9N, (Agy $Y1, 1) _ gn. (X1, Vi)gn, (gradf, Y1) 


gm, (Agv.o¥1,%1) = gn, (X1,Vi)on, (VF, %). (4.41) 
Since Agy, ¢Y1 and Vj are vertical and Vf is horizontal, we obtain equation (4.35). 


Theorem 4.4. Let F be a Csi-€+-Riemannian submersion from a Lorentzian para-Kenmotsu 
manifold (Ni, ,£,7, gN,) onto a Riemannian manifold (Nz, gn,) with r = ef and dim(D2) > 
1. Then, for all Y; € (D2) and V; € U(ker Fy)*, 


Vv, Fel ¥i) = Vif) Fs (6%). 


Proof. Let F be a Csi-€+-Riemannian submersion from a Lorentzian para-Kenmotsu 
manifold onto a Riemannian manifold. Since each fiber is totally umbilical with mean cur- 


vature vector field H = —gradf, then from theorem (4.1), we have 


—9Nn,(Vy,V1, Ya) = gn, (Vy, Y2,V1), 


— GN, (Vy, Vi, Ya) = —G9N, (Y1, Yo)gn, (gradf,V1), 


for all Y1, Y2 € ['(D2) and V; € T'(ker F,)+. 


Using equations (2.2), (2.5) and in above equation, we get 
gn: (Vv O¥1, $Y2) = gui ($%1, OY2) 9m, (gradf, Vi). (4.42) 
Since F' is the semi-invariant Riemannian submersion and using equation (4.42), we have 
No (F(Vvi O¥1), Fu (@Y2)) = 92 (Fu (O¥1), Fx (@Y2))9m (gradf, V1). (4.43) 
From in (4.43), we obtain 
Ne (Wi F.(6%), F,(@Y2)) = 9No(Fx(OY1), Fx (PY2)) an, (gradf, Vi), (4.44) 


BF 
which implies Vy, Fk(@Y1) = Vi(f)F.(@Y1), for all Yj € T(De) and V; € (ker F,)+, hence 


the proof. 
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Theorem 4.5. Let F be a Csi-€+-Riemannian submersion with r = ef from a Lorentzian 
para-Kenmotsu manifold (Ni, ¢,€,7,9n,) onto a Riemannian manifold (No, gn,). If T is not 
equal to zero identically, then the invariant distribution D, cannot defined a totally geodesic 


foliation on Nj. 


Proof. For Wi, W2 € I'(Dj) and X; € I'(D2), using equations (2.2), (2.5), (3.11) and 
(3.15), we get 


gn, (Vw,W2,X1) = gn, (Vw, eWe, 6X1), 


gn, (Tw, @“Wo, 6X1), 


—9n,(W1, 6W2)gn, (gradf, bX1). 


Thus, the assertion can be seen from above equation and the fact that gradf € $(D2). 


Theorem 4.6. Let F be a Csi-€+-Riemannian submersion with r = e! from a Lorentzian 
para-Kenmotsu manifold (N1,¢,€,, 9n,) onto a Riemannian manifold (No, gn,) with r = e”. 


Then, Dg is not totally geodesic foliation on Nj. 
Proof. For Z1, Z2 € T(D2) and € €T(kerz,)+, using (2.6), we get 


9N (Vz 22, €) = —9n, (V2, €, Z2) = gn, (Zi, Z2) #0. 


Hence Dy is not totally geodesic foliation on Nj. 


Using Theorems (4.5) and (4.6), one can give the following Theorem. 


Theorem 4.7. Let F be a Csi-€+-Riemannian submersion with r = ef from a Lorentzian 
para-Kenmotsu manifold (N1, ¢, €,1,gn,) onto a Riemannian manifold (Nz, gn) with r = ef. 


Then, (ker 7) is not totally geodesic foliation on Ny. 


Theorem 4.8. Let F be a Csi-€+-Riemannian submersion with r = ef from a Lorentzian 
para-Kenmotsu manifold (Ni, ,&,7,9n,) onto a Riemannian manifold (N2,gn,). Then, the 


anti-invariant distribution Dg one-dimensional. 


Proof. Since F is a Clairaut proper semi-invariant submersion, then either dim(D2) = 


1 or dim(D2) > 1. If dim(D2) > 1, then we can choose 21, Z2 € [(Dz) such that {Z, Z2} is 
orthonormal. From equations (2.5), (3.10), (4.18) and (4.19), we get 


Tz, 0Z2 a HV 7,022 Vz,oZ2, 


Tz,0Z2 +HVz,¢Z2 = BTz,2Z.+CTz,Z,+ VV z, Zo + wVV zg, Za. 
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Now, we take inner product with Z; in above equation and obtain 
gM (Tz, 622, Z\) = IN, (BTz, 22, Z1) + gn, (PVV z, 22, 2). (4.45) 


From equation (2.5), (3.10) and (3.15), we have 
gn (Tz, 21, 22) = —9n,(Tz,622, 21) = —9n, (gradf,Z2) = gn, (Tz,Z2,0Z1). (4.46) 


From above equation, we obtain 


gn, (gradf, $22) gn, (Tz, 22, 621), 
gm (gradf,¢Z2) = gn,(Z1,22)9n,(gradf, 621), 
gn, (gradf,6Z2) = 0. 

So, we get 


gradf L (D2). 


Therefore, the dimension of Dz must be one. 


5. EXAMPLE 


Let N; be a 5-dimensional space given by the following: 


R° _ { (#1, £2, Y1, Y2; 2) € R?|(x1, 22, y1, Y2) # (0, 0,0, 0) and z # O}. 


Let 7 be a 1-form defined by 7 = dz. The vector field € is given by fe and its Lorentzian 


metric gy, and tensor field ¢ are given by 


9N, = e”* (day)? sth e* (daz)? na e* (dy)? ake e* (dy)? = (dz), 


Co oO 
oO “O: 7 


0 1 
0 0 


oe > ee) 
Go OG Oo 
oe ee) 


This gives a Lorentzian para-Kenmotsu structure (¢,€,7, gn,) on M1. 


: : ‘ — ,-2z_0 _ 24-2z_0 _ 2-2_0 = 
A ¢-basis for this structure can be given by {e; = e giao “gen Se "ges 
—z_0 =f 0 
OB 5 = & = Beh 


Let No be {(u1,u2) € R?\ug = z 4 O}. We choose the Riemannian metric gv, = 
e?* (du)? + (dug)? on No. 
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Now, we define the map F': (Ni, ¢,&,7, gn, ) (Na, gn.) by the following: 


L2 + Y2 
P(e, €o, Visas 2) — (2), 


By direct calculations, we have 


ker F, 
Dy 


(ker F,)+ 


span{ X1 = e1, Xq = (e2 — e4), X3 = es}, 
span{ X1 = e1, X3 = e3}, Dz = span{ Xq = (e2 — ea)}, 


span{V, = (e2 + e4), Va = € = es}. 


After some computations, we find that 


) 
F,(V,) — Ve" a 
6) 


(5.47) 


for all V;, Vj; € ['(ker Py i,j = 1,2. Thus F is semi-invariant €+-Riemannian submersion. 


Now, we will obtain smooth function f on R° which satisfy the condition Tx X = 9(X, X)Vf, 


for all X € I'(ker 7,). 


Using the given Kenmotsu structure, we find 


€1,€1] = [e2,e2| = [e3, e3] = [e4, e4] = [e5, e5] = 0, (5.48) 
€1,e€2] = 0, [e1, e3] = 0, [e1, e4] = 0, [e1, e5] = e1, 

e2,e3] = 0, |[e2, e4] = 0, [e2, e5] = e2, [e3, ea] = 0, 

e3,e5] = 3, [e4, e5] = ea, 


The Levi-Civita connection V of the metric gy, is given by the Koszul’s formula which is 


29N, (VxZ, W) = 


X GN, (Z, W) + Z9N, (W, X) _ Won, (x, Z) Tr gn, (LX, Z), W) 


— gn, ([2,W], X) + gn, ([W, X], Z). (5.49) 


Using (5.48) and (5.49), we get 


Ve, 1 
Ve, €2 


Veg€l 


= Ven €2 = V e€3 = Ve,€4 = (5.50) 


0 
Oz’ 
= Ve1e3 — Ve ea — Ver€1 = Vexe3 —= Vegeta — 0, 


= Ve3€2 = Vegea = Vexe1 = Veye2 = Vexe3 = 0. 
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Therefore 
a) 7) 
Vx, X1 = Ve el = Bz?  XeXe = Veo—e4€2 —-eg= 255 (5.51) 
7) 
V x33 — V e338 _ Bz? ¥x1X2 _ 0, Vx, X3 — 0, 


Vx.X3 = 0,Vx,%X1 =0,Vx,X1 = 0, Vx,X2 = 0. 
Now, we have 


TxX = Th. X14r2X2+03XgA1X1 + A2X2 + AZX3, A1, A2, Az € KR. 


TxX = MTX + MTx, X2 + MTx,X3 + 


At A2T x, X2 + A1A3TX, X3 + A2A3T HX, X3 + 


M1 A2T xX X1 + A1A3Tx3X1 + A2A3T x3 X2- (5.52) 
Using (5.51), we obtain 
a) O O 
xX, = = Xo = 2— X3= . 
TeX Be? Tx, X2 By? TX De (5.53) 


Tx,Xe = 0,Tx,X3 =0,Tx,Xg = 0, Tx,X1 = 0, 
Tx,41 = 0,7x,X2 =0. 
Next, using and (5.53), we get 
TeX =O7 49 484 ae 


Since X = \yX1 + Ap Xo + A3.X3, SO gN, (AiX1 + A9Xo + A3X3, Ay X1 + A2X2Q + A3.X3) = 


A} + 2A3 + \3. For any smooth function f on R°, Vf with respect to the metric gy, is given 


by 


_— ,-22Z Of a —2Z Of 0 —27 Of Od 27 Of 0 of a 
Vf=e Ox, Ox, te Ox2 Ox2 +e Oy OY1 te Oy2 Oy2 Oz Oz* 


Therefore, Vf = a for the function f = z. Now, we can see that Tx X = gn, (X,X)Vf and 


by Theorem (4.1), it is clear that F is a CSI-€+-Riemannian submersions. 
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ABSTRACT. We take into account the quasi hemi-slant conformal submersion from Ken- 
motsu manifold onto the Riemannian manifold as a generalization of anti-invariant submer- 
sions, semi-slant submersions, and hemi-slant submersions. We discussed the integrability 
and totally geodesicness of the different distributions. Moreover, we have obtained a condi- 
tion under which the conformal hemi-slant submersions become a homothetic map. 
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1. INTRODUCTION 


The concept discussed by B. O’Neill 26] and A Gray is known as Riemannian sub- 
mersions. In 1976, B. Watson [42], considered the submersion between almost Hermitian 
manifolds with name as almost Hermitian submersions. He established that, if the whole 
manifold is a Kaehler manifold, then the base manifold is also a Kaehler manifold. The Rie- 
mannian submersions consist many applications in mathematics and in physics, specially in 
Yang-Mills theory ([8],/44]), Kaluza-Klein theory ({9],[22]). The Riemannian submersions are 
very interesting tools in geometry to study Riemannian manifolds having differentiable struc- 
tures. B. Sahin, in ([87], [39]), respectively, presented the idea of anti-invariant Riemannian 
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submersions and slant-submersion from virtually Hermitian manifold as a generalisation of 
Riemannian submersions. 

The notion of almost contact Riemannian submersions from almost contact manifold was 
introduced by Chinea in [11]. He also studied the fibre space, base space and total space 
with differential geometric point of view. As a generalization of Riemannian submersions, 
Fuglede and Ishihara separately, studied horizontally conformal submersions. Later 
on, many authors investigated different kinds of Riemannian submersions like anti-invariant 
submersions ([5], [37]), slant submersions ([4], [89]), semi-slant submersions ([2], [19], [28]) 
and hemi-slant submersions ([43], [1]) between almost Hermitian manifolds as well as almost 
contact manifolds. R Prasad et al. ([31], [32], [33], [84]) studied Quasi-bi-slant submersion 
from Kenmotsu manifold onto Riemannian manifolds and they also studied Riemannian sub- 
mersion from Kenmotsu manifolds with different aspect whereas Sezin studied bi-slant 


submersions from contact manifold with taking € as horizontal vector field. 


In this paper, we study quasi hemi-slant conformal submersions from Kenmotsu manifold 
onto a Riemannian manifold taking 4 mutually orthogonal complementary distributions. 
This paper contains 4 sections. Section 2 consists some definitions of almost contact metric 
manifold and specially kenmotsu manifold, In section 3, we study some basic results for 
quasi hemi-slant conformal submersion from Kenmotsu manifold which are needed for our 
main sections. Section 4 contains the results of integrability and totally geodesicness of 


distributions. 


2. PRELIMINARIES 


Let M be a (2n + 1)-dimensional almost contact manifold with almost contact structures 


(¢,§,7), where ¢ is a (1,1) tensor field €, a vector field and 7, a 1- form satisfying 


¢ =-14+7@ nn =1, nog=0. (2.1) 


On an almost contact manifold, there exists a Riemannian metric g which is compatible 


with the almost contact structure (V/,¢,€,7) in the sense that 


g(gU, 6V) = 9U,V) — nU)n(V), (2.2) 


from which it can be observed that 


gU,§) = nV), (2.3) 
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for any U, V € [(T7M) and the manifold (M, ¢,&,7,g) is called an almost contact metric 
manifold. If [¢,] denotes the Nijenhuis tensor of ¢, then the almost contact structure is 
normal if and only if the torsion tensor [¢, 6] + 2dn @ € vanishes. An almost contact metric 
structure is called a contact metric structure if dj = ®, where ® is the fundamental 2-form 
defined by ®(U,V) = g(U, dV). Almost contact metric structure (¢, €,7,g) are said to define 


a Kenmotsu structure on M if the following characterizing tensorial equation is satisfied 
(Vud)V = g(dU, VE — (VU. (2.4) 
One can deduce from the above relations that 
Vué =U — (UE. (2.5) 


It is also seen that 


The covariant derivative of @ is defined by 
(Vu¢)V = VudV — oVuV. (2.7) 


Now, we recall the notion of Riemannian submersion and horizontally conformal submer- 


sion followed by some basic results those will be useful throughout the text. 


Definition 2.1. Let (M,g) and (N,g’) be two Riemannian manifolds and F : M + N be 
a smooth Riemannian submersion. Then F is called a horizontally conformal submersion, 


with a positive function X such that 
1 


for any X,Y € V(kerF,)+. It is clear that a horizontally conformal submersion with \ = 1 


is Riemannian submersions. 


Let F': M — N be a conformal submersion. A vector field EF on M is called projectable 
if there exists a vector field E on N such that F,(E,) = E for any p€T(TM). 


B. O’ Neill defined the tensors J and A called fundamental tensors and defined by for 
vector fields #,; and Ey on M such that 


Ap, E2 =HVueE, VEo + VVuE, HE (2.9) 


Tp, Ey = HV ye, VEo + VV yp, HED (2.10) 
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where the vertical and horizontal projections are V and H respectively. Considering the 


equations (2.9) and (2.10), we have 


Vu,Vi =77,Vit WuVi (2.11) 
Vi eH Te a (2.12) 
Vx,Ui = Ax,UL + VVx,U1 (2.13) 
Vein =HVx,N+AnNi (2.14) 


for any U;,V; € T'(kerF,) and X1,Y, €T(kerF,)+. 


For q € M, V € ¥, and X € Hy, the linear operators Ty, Ax : T,M — T,M are 


skew-symmetric, that is 


g(Ax Fi, E2) = —g(£1, Ax E2) (2.15) 


9(Tv F4, E2) = —9(F\, Ty E2) (2.16) 


for any £}, Ex € T(T,)M). 
Let (M,g) and (N, 4g’) be two Riemannian manifolds. Let y : M — N be a smooth map. 


Then, the second fundamental form of y is given by 
(Veu)(X,Y) = Vepe¥ — ge(Vx¥), (2.17) 


for all X,Y € T'(Z,M), where V the Levi-Civita connection of the metrics g and g’ and V¥ 
is the pullback connection. The map y is said to be totally geodesic map if (Vy.)(U, V) = 0 
for any U,V € T(T,M). 


Lemma 2.1. Let F : M > N be a horizontal conformal submersion. Then, for any hori- 


zontal vector fields X,Y, and vertical vector fields U,, V; 
(i) (VFx)(41, ¥1) = Xi(IndA)F. (1) + Yi (Ind) Fx (X71) — 9( 41, 11) Fx (grad Ind), 
(ii) (VFA)(U1,Vi) = -F.(TuM), 
(iii) (VE,)(X1, 01) = —B(Vx,U1) = —B.(Ax,%). 
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3. QUASI HEMI-SLANT CONFORMAL SUBMERSIONS 


Definition 3.1. A conformal submersion F' from almost contact metric manifold (M, ¢,&,n, 9) 
onto a Riemannian manifold (N,g') is said to be a quasi hemi-slant conformal submersion 
(QHSC submersions) if its vertical distribution kerF* of F admits four orthogonal comple- 
mentary distributions Dr, Dg, D. and < € > such that 

(i) kerFs = Dr @ Dp BDL ®< E> 


D. is anti-invariant, i.e., 6D. C (kerF,*) 


) 
(ii) Dr is invariant, t.e., bDr = Dr 
(iii) 

) 


(iv) for any non-zero vector field X € (Do)p,p € M, the angle 0 between ¢X and (Do)p 

is constant and independent of the choice of point p and X in (Do)p, 
where < € > ts 1-dimensional distribution spanned by €. Then, we say that F is QHSC 
submersion where angle 0 is called the quasi hemi-slant angle of submersion. Here we have 


some particular cases which are stated as : 


(i) If the distribution Dr = 0 then the map F is a conformal hemi-slant submersion. 
(ii) If the distribution Dg = 0 then the map F is a conformal semi-invariant submersion. 


(iii) If the distribution D, = 0 then the map F is a conformal semi-slant submersion. 


Hence, it is clear that the QHSC submersions are generalized version of conformal hemi-slant 
submersions, conformal semi-invariant submersions and conformal semi-slant submersions. 
Let F' be a QHSC submersion from an almost contact metric manifold (MM, ¢, €,7,g) onto 


a Riemannian manifold (N, g’). Then, for any U € [(kerF,), we have 
U =PU+QU+ RU +n(U)E (3.18) 


where P,Q and R are the projections morphism onto Dr, De and D,. Now, For any 


U €T(kerF,) 
gU = BU +6U (3.19) 
where BU € I(kerF,) and 5U € P((kerF,)+). From equations (8.18), and definition 
we have 
gU = $(PU) + (QU) + o(RU) 
= B(PU) + 6(PU) + B(QU) + 6(QU) + B(RU) + 6(RU) 


We obtain 6PU = 0 and BRU = 0, we have 


gU = B(PU) + B(QU) + 6(QU) + 6(RU). 
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Hence, we have the decomposition as : 


kerF«+ = 56Do @ 5D, © p, (3.20) 


where yp is the orthogonal complementary distribution to 6Dg @ 6D, in ((kerF*)+) and yp is 


invariant with respect to ¢. Now, for any X € (I'(kerF,)+), we have 
eX =BX4+0xX (3.21) 


where BX € I(kerF,) and CX €T(y). 


Lemma 3.1. Let (M,¢,€,n,g) be a Kenmotsu manifold and (N,g’) be a Riemannian man- 
ifold. If F: M —> N is a QHSC submersion, then we have 


6BX +C0?X =X, BBX + BCX =0 


B?U + BU =U —n(U)E, 58BU + C5U =0 


for U €T(kerF«) and X €T((kerF,)+). 


Proof. On using equations (2.1), (3.19) and (3.21), we get the desired results. 


Lemma 3.2. Let F be a QHSC submersion from an almost contact metric manifold 
(M,¢,€,n,g) onto a Riemannian manifold (N, g'), then we have 
(i) B?U = —cos?0U 
(ii) g(BU, BV) = cos? 6 g(U,V) 
(iii) g(6U, 6V) = sin? 6 g(U,V), 


U,VeE T(Do). 
Proof. The proof of above Lemma is similar to the proof of the Theorem (3.5) of [35]. 


Lemma 3.3. Let (M,¢,€,n,g) be a Kenmotsu manifold and (N,g’) be a Riemannian man- 
ifold. If F: M— N is a QHSC submersion, then we have 


AxBY +HVxCY = BUVXY + BAxY — g(oX,Y)E (3.22) 
VVxBY + AxCY = 65HVxY + CAXY. (3.23) 

VVxBV + AxéV = BAxV + BVVxV + 9(BX,V)E —n(V)BX (3.24) 
Ax BV +HVx6V =CAxV + 6VVxV +7(V)CX. (3.25) 


VVVBX + TyCX = BTVCX + BUVyX + g(6V, XE (3.26) 
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Ty BX +HVyCX = 6TyX + CHVyX. (3.27) 
VVuBV + Ty6V +7(V)BU = BTUV + BVVuV + 9(dU, V)E (3.28) 
Ty BV +HVy6V +(V)OU = CTV + 6VVuV. (3.29) 


for U,V €T (ker F,) and X,Y €T((kerF«)+). 


Now we define the following : 


(VuB)V = VVuBV — BYVuV (3.30) 
(Vud)V = HVy6V — 5VVuV (3.31) 
(VxB)Y =VVxBY — BUVxY (3.32) 
(VxC)¥Y =HVxCY —CHVxY (3.33) 


for U,V € T(ker F,) and X,Y €T((ker F,)+). 


Lemma 3.4. Let (M,¢,&,7,g) be Kenmotsu manifold and (N,g’) be a Riemannian manifold. 
IfF:M—-N is a QHSC submersion, then we have 


(VuB)V = BTuV — TydV + 9(gU, VE — n(V) BU 
(Vud)V = CTuV — TuBV — n(V)5U 
(VxB)Y = BAxY — AxCY + 9(@X, Y)E— (VY) BX 
(VxC)Y =dAxY — Ax BY — nfY)CX, 


for U,V €V(kerF«) and X,Y €T((kerF,+)). 


Proof. On using equations (2.7), (2.11)- (2.14), equations (3.19)-(3.21) and equations 
(3.30)-(3.32), we get the proof of the lemma. 


If the tenors 6 and 6 are parallel with respect to the connection V of M, then we have 
BTyV = TudV — g(gU, VE + (V) BU 


CTV = TydV + (V)6U 


for X,Y € T (TM). 
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4. INTEGRABILITY AND TOTALLY GEODESICNESS OF DISTRIBUTIONS 


Now, we start the discussion of the integrability of distributions and firstly we finding 


out the integrability of slant distribution as follows: 
Theorem 4.1. Let F : (M,¢,,n,g) + (N,g') be QHSC submersion from a Kenmotsu 
manifold onto a Riemannian manifold N. Then Dg is integrable if and only if 
J ((VFx)(Vi, BP), F.(6V2)) + 9'((W Fx) (V2, BPa), F.(6V1)) 
= d9(VVv, BPa — Ty,5Ra, BV2) 
+ g(VVy,8Pa — Ty,5dRa, BV;) 


+ g(HVy,6Ra, 6V1) — g(HVy,dRa, V2) 
for any Vi, V2 € T(De) anda Ee T(Dr@D.e<€E>). 


Proof. 


For any Vi, V2 € ['(Dg) and a €ET(Dr @ D1 @ < € >) with using (2.2).(2.7) 


and (2.4), we get 
9(Vi, V2], @) = 9(Vv,6e, 61) — g(Vv, da, oV2). 


Taking equation (3.18), we have 
9((Mi, Va], a) = 9(Vv,8 Pa, BVi) + 9(Vv,6Ra, oVi) 


— g(Vy,8Pa, V2) a g(Vv,6Ra, V2). 
From (2.11) and (2.12), we can write 


g((Mi, Va], a) = (Tv, bPa _ HVY, dRa, 6V2) 


r gVVv,bPa = Ty, 0Ra, BV2) 


+ 9(Tv,8Pa — HV y,6Ra, 6V1) 


=r gVV\y,bPa = Ty,dRa, BV). 
Considering equation (2.17), we may write 


g((Mi, Va], a) = g(VVv,6Pa— Ty,6Ra, BV) 
+ g(VVv,8Pa— Ty,6Ra, BV2) 
— g(HVy,dRa, dV2) + g(HVy,6Ra, 6V1) 
— 539) ((VF.)(Vi, BPa), F.(6V2)) 


_ 529 ((VF.)(Vo, 6Pa), F(5Vi)) 


from which we get the desired result. 
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Theorem 4.2. Let F : (M,¢,€,n,g) > (N,g') be QHSC submersion from a Kenmotsu 
manifold onto a Riemannian manifold N. Then invariant distribution Dp is integrable if 
and only if 


P(VVu,CQa + Ty, da) =0 (4.34) 


forU, € I(Dr) and ae T(Do OBDLe<E >). 


Proof. On using (2.2), and (3.18), we have 
9(Vu, U2, a) = —9(Vu, (Qa + Ra), U2) — n(a)g(bU1, oU2), 
for U; € [(Dr) and a € T(Dp ®@ Di ® < € >). Since 6(Qa + Ra) = da and from (2.11), 
(2.12), we can write 
g(Vu, U2, a) = —g(VVu, bQa, U2) — 9(Tu, 5a, gU2) 


— (a)g(bU1, 6U2) 


Change the role of U; and U2, we have 
9M, Up], a) — —9(VVu, bQa + Tu, 6a, U2) 
=t gIVVu,bQa + Tu, 6a, pu,). 


We obtain the proof of the theorem from above equation. 


Theorem 4.3. Let F : (M,¢,€,n,g) > (N,g') be QHSC submersion from a Kenmotsu 
manifold onto a Riemannian manifold N. Then anti-invariant distribution D\ is integrable 
if and only if 
1 
ja lo! (V2 F0Qa, F.(6Z1)) — 9 (Vz, FxdQa, F.(6Z2))] 
= g(grad(In A), 21) 9(dQa, 622) 
(4.35) 
— g(grad(In A), Z2)g(dQa, 521) 


~~ g(Tz,Ba, 621) +e g(Tz, Ba, bZ2) 


for 21,22 €T(D_) anda €ET(Dr 6 Dg® < E>). 
Proof. From (2.2), (2.3), and (3.18), we have 

(Vz, Z2, a) = —n(a)g(Z1, 6Z2) — (Vz, (8B Pa + BQa+dRa), bZ2). 
Since 8(Pa + Qa) = Ba, we can write 


G(V 2,22, a) = —n(a)9(Z1, 622) — g(Vz, Ba + Vz,6Qa, 622). 
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Now, change the roles of Z, and Z2, we can write 


9([Z1, 22], a) = g(Vz,8at+ Vz,6Qa, 621) — 9(Vz, ba + Vz,6Qa, 622). 


Considering equations and (2.12), we get 
g((Z1, Z2], a) = 9(Vz,Ba, 621) + g((HVz,6Qa, bZ2) 
— 9(Tz, Ba, 622) + g((HV z, 6Qa, 622). 
From (2.8), and lemma|2.1} we have 
gl Zr, Z2]s) = xyl0! (V24Fe5Qa, F,(8Z1)) — 9 (Vz, Fs8 Qa, F.(52Z2)) 


+ 9(Tz280, 621) — g(Tz, 8a, 6Z2) 


+ g(grad(In X), Z2)g(dQa, 6Z;) 
— g(grad(In \), Z71)g(dQa, 522) 


which completes the proof of the theorem. 
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Now, we will discussed the totally geodesicness of fibers of the distributions. Firstly, we 


will start with the totally geodesicness of the invariant distribution Dr. 


Theorem 4.4. Let F : (M,¢,€,n,g) + (N,g') be QHSC submersion from a Kenmotsu 


manifold onto a Riemannian manifold N. Then Dr is not totally geodesic. 


Proof. On considering U,V € (Dr) and since V and € are orthogonal, we have 


g(VuV,§) = —9(V, Vus) 


Taking account the fact of equation (2.5), we have 


g(VuV, &) = —g(U, V). 


For U,V €T (Dr), —g(U,V) 4 0, that is g(VuV,€) #0. Hence, the distribution is not totally 


geodesic. 


Theorem 4.5. Let F : (M,¢,,n,g) + (N,g') be QHSC submersion from a Kenmotsu 


manifold onto a Riemannian manifold N. Then (Dr ® &) defines totally geodesic foliation 


on M if and only if 


(i) g(VVu,oU2, Ba) = x2[9'(V Fx) (U1, U2), F.(50)] 


(ii) g(VVu, U2, BX) = xz[9/((VF.)(U1, @U2), F * (CX))| 
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for U,,U2 €T(Dr® < € >), X €T((kerF,)+) anda €T(De @ D1). 


Proof. On using (2.2), (2.4) and (2.7), we get 
g(Vu, Uno, a) = g(Vu, Qua, ga), 


for any U,, U2 € T(Dr® < € >) anda €T(Dg @ D,). Now, from (2.11) and decomposition 


(3.19), we can write 
g(Vu, U2, a) = g(Vu, U2, ba) + g(VVu, 9U2, Ba). 
Considering (2.8) and (2.17), we may have 


g(Vu, U2, a) = —539'(VF)O, pU2), Fx(6a)) + g(VVu, oU2, Ba) (4.36) 


On the other hand, for U;,U2 € T(Dr) and X € T'((kerF,)+) with using (2.2), (2.4), (2.7) 
and decomposition (3.21), we get 


g(Vu,U2, X) = 9(Vu, 9U2, BX) + g(Vu, gU2, CX). 
Considering equation (2.11), we may write 
g(Vu, U2, X) = 9 VVu, 0U2, BX) + g(Tu, eU2, CX). 


From and (2.17), we have 


1 
g(Vu,U2, X) = g(VVu,oU2, BX) + 


From equations (4.36) and (4.37), we get (i) and (iz) part of theorem |4.5 


Theorem 4.6. Let F : (M,¢,€,n,g) > (N,g') be QHSC submersion from a Kenmotsu 


manifold onto a Riemannian manifold N. Then Dg is not totally geodesic on M. 


Proof. On considering Z,W € T'(Dg) and since W and € are orthogonal, we have 
g(VzW, §) = —g(W, V ze) 
Taking account the fact of equation (2.5), we have 
9(V ZW, €) = —g(Z,W). 


For Z,W € T(Do),—g(Z,W) 4 0, that is g(VzW,&) # 0. Hence, the distribution is not 


totally geodesic. 
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Theorem 4.7. Let F : (M,¢,,n,g) + (N,g') be QHSC submersion from a Kenmotsu 
manifold onto a Riemannian manifold N. Then T(De® < &€ >) defines totally geodesic 
foliation if and only if 
(i) 7 [g(HV Vv, 6QVe, 6Ra) — cos” 6g(Vv, QV2, a) 
= 9 ((VF.)(Vi, @), Fx(6BQV2)) — 9'((VFx)(Vi, 6Pa), Fx(SQV2)) 
— n(BQV2)9(OVi, @)| 


(ii) A? [g(HVv,58QV2, X) — g(HVv, 6QV2, CX) — n(BQV2)9(Vi, BX)] 
= 9 (VF.)(MWi, BX), F.(6QV2) — 9! ((VFx) (Vi, QV2), F(X) 


for any Vi, V2 €T(De® < € >), X EV ((kerF,)+) anda €T(Dr@ D,). 


Proof. From equations (2.2), (2.4), (3.18) and decomposition (3.19), we get 
g(Vv, V2, a) = VVvy BQVa, ga) + g(Vy dQVa, ga) 


for any V1, V2 € [(De® < € >) anda €T(Dr@D_). Again on using (2.4) and (2.7), we 


can write 
g(Vy,V2,0) = 9(Vv,5QV2, 6Pa + Ra) — 9(Vy, d8QVa, a) 
— 1(BQV2)9(OV1, a) 
Considering lemma |3.2\ equation and skew symmetry property of 7, we have 
(Vv, V2, 0) = — cos” 0g(Vy, QV2, a) + g(HVy, 6QV2, ¢Ra) 
+ 9(Tv,0, 5BQV2) — 9(Tv, dP a, QV2) 
— n(BQV2)9(OVi, @) 
Finally, from equations and (2.17), we yield 
g(Vv; Va, a) = — cos” Og(Vy, QVa, a) + g(HVv,5QV2, oRa) 
— 539'((VF.)(Vi,0), Fe(68QVA)) 


4 I (VR). Pa), F.(d6QV2)) 


(4.38) 


— (BQVs)g(eV1, a). 


In similar way, for any Vj, V2 € T(Dg) and X € I'((kerF,)+) with using (2.2), (2.4), (2.7) 
and (3.19), we get 


(Vv, V2, X) = g(Vv, BQV2, 6X) — g(Vv, 6QV2, X). 
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From equation (2.2), (2.4), and (8.19), we can write 
g(Vv, V2, X) = —9(Vv,B2QVe, X) — g(Vv,58QV2, X) 
+ g(Ty, 6QV2, BX) + g(HVy,bQV2, CX) 
+ 1(8QV2)9g(Vi, BX) 
At last, considering equation (2.8), (2.17), (2.12), and lemma 3.2} we have 


g(Vv, V2, X) '((VE.)(Vi, BX), F.(6QV2)) 


1 
— 008? 6559! ((VF.)(Vi, V2), Fe(X)) 
(4.39) 
— g(HVv58QV2, X) + (HV y,5QVa2, CX) 
+n(3QV2)g(Vi, BX). 


Finally, from equation (4.38) and (4.39), we get the results (i) and (ii) of theorem|4.7| This 


completes the proof of theorem. 


Theorem 4.8. Let F : (M,¢,€,n,g) > (N,g') be QHSC submersion from a Kenmotsu 
manifold onto a Riemannian manifold N. Then D, is not defined totally geodesic foliation 


on M. 


Proof. On considering Z,W € T'(D_) and since W and € are orthogonal, we have 
g(VzW, €) =—9(W, Vz€) 

Taking account the fact of equation (2-5), we have 
g(VzW,£) = —9(Z, W). 


For Z,W € I(D,),—g(Z,W) 4 0, that is g(VzW,&) # 0. Hence, the distribution is not 


totally geodesic. 


Theorem 4.9. Let F : (M,¢,€,n,g) > (N,g') be QHSC submersion from a Kenmotsu 
manifold onto a Riemannian manifold N. Then D.® < € > defines totally geodesic foliation 
if and only if 


(i) x29'((VFx)(Z1, Ba), F($2Z2)) = g( HV z, $22, 5Qa) 


(ii) 29! (VF. )(Z1, BX), Fe(Z2)) = g(HV z,CX, $22) 


for any Z,,Z2 €T(D_® < € >), X €T((kerF,)+) anda €T(Dr © Dp). 
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Proof. On using equations (2.2), (2.4), (2.7), we can write 
GV z, 22,0) = o(Vz, 622, oa), 


for any 21, Z. € T(D_® < € >) anda €T(Dr@ De). On using the fact that BPa+ GQa = 


Ba with equations (3.18), (2.11), we get 
(Vz, 22,0) = 9(Tz, $22, Ba) + (HV z, 622, 6Qa). 


Considering equation (2.8) and (2.17) and use anti-symmetric property of T, we have 


Lee x29 (VF) Za, Ba), F.(¢Z2)) + g(HV 2,620, Qa). (4.40) 


On the other hand, for any Z;,Z2 € T(D,) and X € T'((kerF,)+) with using equations (2.2), 


(2.4), and (3.21), we have 


g(V 2,22, X) = —9(Vz, BX, 622) — 9(Vz,CX, 622). 


Considering equations (2.8), (2.11), (2.12) and (2.17), we can write 


o(Vz,Z2, X) '((VF,)(Z1, BX), F.(6Z2)) — g(HVz,CX, 622). (4.41) 


1 
From equations (4.40) and (4.41), the proof of the theorem is complete. 


Theorem 4.10. Let F : (M,¢,£,7,g) > (N,g') be QHSC submersion from a Kenmotsu 
manifold onto a Riemannian manifold N. Then the vertical distribution (kerF,) defines 


totally geodesic foliation if and only if 


1, i 
cos O59 ((VFs)(M1, Q¥2), F(X) + 5 9'((VFs)(M1, BPY2), Fs(CX)) 
= g(VVy, BPY2 + Ty, 6QY2 + Ty, 6RY2, BX) 


+ g(HVy,6QY2 + UVy,5RY2, CX) — g(HVy,68QY2, X), 


for any Yi, Y2 €U(kerF,) and X €T((kerF,)*+). 


Proof. On using (2.2), and (2.7) with decomposition (3.18), we have 


g(Vy, Y2, X) = g(Vy, BPY2 + BQY2 + dOQY2 + ORY, 6X), 
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for any Y;,Y2 € '(kerF,) and X €T((kerF,)+). From equations (2.11), (2.12) and (3.21), 


we yield 
g(Vy, Ya, X) = g(VVy,BPY2 + Ty, OQY2 + Ty, ORY, BX) 


+ 9(Ty, BPY2 + HVy,6QY2 + HVy,dRY2,CX) 


ae g(Vy, BQYs, px). 
Taking with equations (2.4), (2.7) and (3.18), we may have 


g(Vy, Y2,X) = g(VVy, BPY2 + Ty, bQY2 + Ty, ORY2, BX) 
+ 9(Ty, BPY2 + HVy,6QY2 + HVy,5RY2,CX) 
— 9(Vy, B°QY2, X) — 9(Vy, 5BQY2, X). 
Consider lemma3.2] with equations and (2.17), we get 
g(Vy, Ya, X) = g(VVy, 8 PY2 + Ty, 6QY2 + Ty, ORY2, BX) 
+ g(HVy, 6QY2 + HVy, ORY2,CX) 
+ cos” 09(Vy, QY2, X) — g(Vy, 6BQY2, X) 
— 599'((VFa)(V1, BP¥2), Fa(CX)). 
Again using and (2.17), we finally have 
g(Vy, Yo, X) = 9g(VVy, BPY2 + Ty, OQY2 + Ty, ORY2, BX) 
+ g(HVy, 6QY2 + HVy,dRY2, CX) 
+ 008? 0550 ((VF.)(¥i, Q¥3), FeX) — 9(Vx,58QY2, X) 
— 539'((VF.)(Vi, BP¥2), Fa(CX)). 
This completes the proof of the theorem. 
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ABSTRACT. There are numerous problems of determining the QT AG-modules in which ev- 
ery h-pure submodule is isotype or the QT AG-modules in which every submodule is isotype. 
Our global aim here is to find in this direction a new problem by generalizing the h-purity 
in QT AG-modules, and thereby to establish some characterizations of the QT AG-modules 
in which every o-pure submodule is A-pure submodule for arbitrary ordinals o and 4. 
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1. INTRODUCTION 


The theory of abelian groups studied from time to time by many mathematicians, play a 
very crucial role in the theory of modules. Many authors interested in module theory have 
worked on generalizing the theory of abelian groups. The notion of the generalized torsion 
abelian groups is an important concept in the area of TAG-modules. It was first introduced 
by Singh in 1976. A module M over a ring R is called a TAG-module if it satisfies the 
following two conditions while the rings are associated with unity. 

“(4) Every finitely generated submodule of any homomorphic image of M is a direct sum of 


uniserial modules. 
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(it) Given any two uniserial submodules U; and U2 of a homomorphic image of M, for 
any submodule N of U,, any non-zero homomorphism ¢ : N — Up 2 can be extended to a 
homomorphism w : U; + U2, provided the composition length d(U;/N) < d(U2/¢(N)).” 

It was shown that the theory of these modules very closely paralleled the theory of torsion 
abelian groups; for this reason they were referred to as TAG-modules. Later on, it was shown 
that, for almost all applications, one of these conditions was not needed; ignoring this nearly 
superfluous condition, the slightly more general concept of a QT AG-module was initiated by 
the same author in [18]. Since then, many forms of this notion such as a-modules [4] [10], 
n-layered modules [15], essentially finitely indecomposable modules and semi-complete 
modules [6] etc. have been defined and studied by many authors. Moreover, the authors 
have introduced many new concepts via these types of modules. They have also investigated 
some of their interesting properties and characterizations of these modules. Not surprisingly, 
many of the developments parallel the earlier development of the structure of torsion abelian 
groups. The present work is a natural extension of the torsion abelian groups over to the 
area of QT AG-modules and certainly contributes to the overall knowledge of the structure 


of QT AG-modules. 


2. PRELIMINARIES 


Throughout the text, we assume that all rings into consideration are associative with 
unity (1 4 0) and modules are unital QT AG-modules. By the term “uniserial module” we 
will mean a module M over a ring R, whose submodules are totally ordered by inclusion, 
i.e., for any two submodules N and L of M, either N C L or L CN. Likewise, we shall say 
M is uniform if intersection of any two of its non-zero submodules is non-zero. In particular, 
if M is a module and u € M, then let u denote the uniform element and let uR denote the 
uniform (hence uniserial) module, respectively. Concerning decomposition series, we suppose 
that all decomposition series are unique. For any module M, the symbol d(M) will denote 
its decomposition length. In addition, if u is an uniform element of M (i.e., u € M), then 
e(u) is called the exponent of u, and e(u) = d(uR). As usual, for such a module M, we set 
the height of u in M as Hy(u) = sup{d(vR/uR) : v € M, u © vR and v uniform}. For 
every non-negative integer t, H;(M/) = {u € M| Hyy(u) > t} denotes the t-th copies of M 
which can be viewed as a submodule of M consisting of all elements of height at least t. In 
this way, for a module M, the letter M+ will always denote in the sequel the submodule of 


M, containing elements of infinite height. Moreover, we denote by Soc(M), the socle of M, 
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ie., the sum of all simple submodules of M. For any t > 0, Soc'(M) is defined inductively 
as follows: Soc°(M) = 0 and Soc't!(M)/Soc!(M) = Soc(M/Soc(M)). 

We add some basic definitions as well from [6], which is necessary for our successful 
presentation. The module M is named h-divisible if M = M' = Ny) Ai(M), or equivalently, 
if H\(M) = M. The module M is termed separable if M! = 0. A submodule N of a 
module M is said to be an h-pure in M if for every non-negative integer t the equality 
NO Hi(M) = Hi(N) hold. The cardinality of the minimal generating set of M is denoted 
by the symbol g(/) that plays a significant role in our further investigation. By analogy, 
for all ordinals , one can define fyy(c), the o”-Ulm invariant of M as follows: fy(o) = 
g(Soc(Ho(M))/Soc(Ho+1(M))). 

In [5) [11], respectively, a submodule N of M is L-high, if NOL = 0 and N is maximal with 
respect to this intersection, that is, it is not properly contained in any different submodule 
of M having the same property. 

It is well to note that various results for TAG-modules are also valid for QT AG-modules 
[13]. Our present work is motivated by the many significant results from the reference [14]. 
It is worthwhile noticing that some of the results are already investigated [7] |8] with h-purity. 
For the better understanding of the mentioned topic here one must go through the papers 
(9| [16]. In what follows, all notations and notions are standard and will be in agreement with 


those used in [1] [2]; for the specific ones, we refer the readers to {19}. 


3. CHIEF RESULTS 


We begin by reviewing some terminology. If o is an ordinal, and M is a QT AG-module, 
then the infinite height H,(M/) will be defined as H,(M) = M)<¢H)(M) in the sense of [12], 
by using transfinite induction. Likewise, for any first infinite ordinal w, the submodule M! of 
M, containing elements of infinite height that hold the equality M1 = N°, H;(M) = H.,(M). 
Clearly, H;(/) is a submodule of M and the intersection MP2, Hy(M) form a submodule 
which is known as first Ulm submodule. 

Next, we review the following concepts from [13]. A submodule N of M is said to be o- 
pure if, for all ordinal A, there exists an ordinal o (depending on NV) such that H)(M)ON = 
Hy(N). Besides, a submodule N of M is named isotype, if it is o-pure for every ordinal o. 
It readily follows that an isotype submodule will be h-pure in M, and hence a summand of 


M. 
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The theory of isotypity clearly depends on the theory of h-purity in QT AG-modules, and 
hence upon criteria under which a given h-pure submodule must necessarily be isotype (see, 
[7]). One important example is the determination of the QTAG-modules in which every 
h-pure submodule is a direct summand. Though it has been stated in a variety of forms 
by a number of characterizations. In this section we follow a somewhat different path and 
explore a new problem of determining the QT AG-modules in which every o-pure submodule 
is A-pure submodule for arbitrary ordinals o and X. 

The following elementary, but useful lemma, shed some light about the relationships 


between Ulm-invariant and h-purity. 


Lemma 3.1. Suppose o and X are ordinals such that 1<a<2X< co and M is a QTAG- 
module with fy(6) =0 fora <d6+1<X. If N is aa-pure submodule of M, then N is also 


A-pure. 


Proof. First observe that if o <a@< A and N is an a-pure submodule, then N is an 
(a + 1)-pure submodule of M. Next, choose N is a-pure and let a € NN Ha+i(M). Then 
a € H.(N) C H,(N). Thus a = 0’, where d(bR/b'/R) = 1 and b € Ho-1(N). Buta=c, 
where d(cR/c'R) = 1, and c € Ha(M). Therefore, b= c+, where x € Soc(H,-1(M)). By 
hypothesis on fi7(6), we have Soc(Hs—1(M)) C Soc(Ha(M)). Thus 


b=c+2€H,(M)NN = 4,(N). 


Therefore, a = 0! € Hy+4i1(M) such that d(bR/b'R) = 1, we are done. 

Let us recall the smallest ordinal 8 such that Hg(M/) = 0, is said to be the length of the 
QT AG-module M. 

Inspired and motivated by the above concept, we give a new concept of two parameters 


involving the Ulm-invariant as follows. 


Definition 3.1. Let 6 be an ordinal and M a QTAG-module such that 1 < 6 < Hg(M) and 
let y be any ordinal. We define ts andr. by 

inf {t >0: fu(6—1+t) £0}, if 6-1 exists 

0, if 6 is a limit ordinal, 


and 


ry =inffa+l:a+1<y and f(a) FO}. 
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It is fairly to see that ts is a finite ordinal. This follows easily that 6 < ry implies 6+ts < 7, 
with strict inequality holding when 6 is not a limit ordinal. 


Before presenting our main attainments, two preliminary technical lemmas are necessary. 


Lemma 3.2. Let N be a submodule of a QT AG-module M. Then there exists a submodule 
L of M containing N such that it satisfies the following conditions: 

(i) L is isotype in M. 

(it) N is isotype in L. 

In particular, L is o-pure in M if and only if N is o-pure in M, where o is an arbitrary 


ordinal. 


Proof. In order to show that L is isotype in M, it suffices to show that L is o-pure in 
M for an arbitrary ordinal o, that is to show that L is (0+1)-pure. In order to do this, among 
all uniform element in LM H,4;(M), choose a such that a = b’, where d(bR/b’R) = 1 and 
b€ H,(M). Now a € Nj, for some k, so that b' € Ny, where d(bR/b'R) = 1. Thus b € Nei. 
Therefore, b € LN H,(M) = A,(L) and a = b! € Ho4i(L) such that d(bR/b'R) = 1, as 
expected. 

As for the second part, we can apply the same idea. Assume that N is o-pure in L and let 
a € NN Ao4i1(L). Then a = b’ where d(bR/b'R) = 1 and b € H,(L). Since b € L, it follows 
that nb € N for some non-negative integer n. Therefore, b € NM H,(L) = H,(N). Hence, 
a=0' € Ho41(N) such that d(bR/b’ R) = 1, as required. 

Conversely, suppose that NM H)(M) = H)(N) for all \ < o. Let a € LM Ay(M), it is 


readily checked that na € N for some non-negative integer n. Thus 
nae NN A)(M) = Hy(N) EG H)y(L). 


It is only a routine exercise to check that na € H)(L) and implies that a € H)(L). Thus, we 


conclude that L is o-pure in M, as asserted. 


Lemma 3.3. Let y be an ordinal and M a QT AG-module such that H,(M) contains a non- 
zero uniform element u with e(u) = co. For each ordinal 6 and for some n let ns = —1 if 6-1 
exists and ns = 0 otherwise. Then there exists a submodule Ns of M such that 1 <0 < ry 
and it satisfies the following conditions: 

(i) Ns is (6+ t;)-pure in M. 

(it) Na C Ns ifa< 6. 

(i417) Ns 1 Soc(As+454n5(M)) = Soc(H,(M)). 
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(iv) ue Ng 
(v) u¢ Aszts41 (No) 
In particular, Ns is not a (y+ 1)-pure submodule of M, and Ns is not y-pure in M if y is 


not a limit ordinal. 


Proof. The proof is by induction on 6. Assume that for each ordinal a < 6, there 


exists a submodule Ng and satisfies (i) — (v). If 6 is a limit ordinal, then 
Ns = Ua<esNa- 


Certainly, if the submodule N5 exists, then Ns satisfies (2) — (v). If 6—1 exists and ts_1 > 0, 
we have Ns = N5_1. It follows that Ng satisfies (i) — (v), since ts = ts_1 — 1. If 6 — 1 exists 
and ts_; = 0, then we can construct Ns from N5_1. Since fi(d + ts — 1) 4 0, there exists 
an uniform element v € Soc(M) such that Hyy(v) = 6+ ts — 1. Note also that 6+ ts < ¥, 


since 6 < ry. Then for any submodule P of M containing v, we have 
Soc(H544;-1(M)) = Soc(H,(M)) © P. 


Thus, for 0 4 w © A541;(M) such that u = w’ and d(wR/w'R) = 1. This, in tern, implies 
that, there exists a submodule Q of M containing v + w such that Q = (N5_1,a), where 
a=vu+w. 

We first claim that PN Q = 0, if this failed, then there exist elements b € P and c € N5_, 
and an integer k such that b = c+a’ #0, where d(aR/a’R) =k. If k =0, then u= a! = —c’ 
such that d(aR/a'R) = 1, d(cR/c R) =1 and 


ce Ng 17 Asst; 1(M) C Ag 1(N5 1)- 


Thus u € H5(N5_1), which is a contradiction that satisfies (v). On the other hand if k > 0, 
then b = u' +c € Ns_, € PO N5_, where d(uR/u’R) = k—1. But PM Ns_, = 0 because 
N5_1 satisfies (iii). This gives the desired claim that PM Q = 0. 

Suppose now that Ns is a P-high submodule of M containing Q. Then Ns_1 C Ns5, 
which satisfies (iz). In fact, the checking of (i) is elementary for Ns. As for (diz), using the 
fact that Soc(H,(M)) C Ns5_1 for Ns. Observe that N5 also satisfies (tv) because a € N5 
and a’ = u where d(aR/a’R) = 1. In order to see that (v) is valid, let us suppose that 
wu © Hg4t541(N5). Then u = x! where d(aR/a'R) = 1 and x € H54;,(N). Thusa=a+y, 
where y € N53 M Soc(H544;-1(M)) and Hyy(a) = 6+ts —1. Therefore, y € H,(M) because 
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of (ii). Buta =a+y € H541,(M). This is a contradiction. Hence Ns must satisfy (v), as 
promised. 

We construct now a submodule N,; of M, imitating the method of Ns as demonstrated 
in the above paragraph. Therefore to finish the induction, we choose v € Soc(M) such that 
Hy(v) = t) and Soc(H;,(M)) = Soc(H,(M)) © P with v € P. Let Q = (Soc(H,(M)), a), 
where a = v+w. If0 4b € PNQ, then b= c+ta, where c € Soc(H,(M)) and t is a positive 
integer. Bearing in mind this construction, it is apparent that PQ = 0. Finally, we let Ni 
be a P-high submodule of M, and a routine computations reveals that Nj; satisfies (7) — (v). 
The proof is completed. 


We next give an explicit definition of our main term. 


Definition 3.2. Let o and X be ordinals, we say a QTAG-module M is (o, X)-module if 


every o-pure submodule of M is A-pure. 
Now we have all the ingredients needed to establish the following. 


Theorem 3.1. Suppose o and X are ordinals with X > 0 and M is a QT AG-module. Then 
M is a (o, A)-module if and only if M is h-divisible. 


Proof. Foremost, assume that M is h-divisible, that is Hj(MZ) = M. Knowing this, 
we yield that there is a submodule N of M such that NM Hi(M) C H5(N) for any ordinal 
6 > 0. Hence, in particular, every o-pure submodule of M is A-pure and we are done. 

Next, we deal with the converse implication. Assume that M is a (a, A)-module. If 
H,(M) # M, then there exists an uniform element u containing H;(M) such that e(u) = oo. 
Let N = (u). Then N is not h-pure in M. Henceforth, according to Lemma [3.2], there is 
a submodule L of M such that L is not A-pure for any A > 0. Since L is isotype in M, we 
have Hi(M) = M, as required. 


And so, we come to the following. 


Theorem 3.2. Suppose o and X are ordinals, 1 <<a << co and M is a QTAG-module. 
If o is a limit ordinal, then M is a (a, 2)-module if and only if the following hold: 

(i) Hg(Soc(H,(M)) <a, for some k > 0 

(it) Ho(M) =U © Hi(M), where U is a direct sum of uniserial modules of exponent k. 


Proof. In virtue of Lemma 3.3] , the necessity is true. Suppose (77) is not hold, then 


there exists an element 2 € H,41(M) such that e(a) = oo. After this, let us assume that (7) 
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is not hold, then o = rg < rg41. If we replace 6 =o and y=o+1 in Lemma [3.3] , we get 

that a o-pure submodule N, of M which is not (o + 1)-pure. Henceforth, all the conditions 

are satisfied for M to be a (0, A)-module. 

The sufficiency of (7) being self-evident from Lemma|3.1], where we replace o by Hg(Soc(H;,(M))+ 

1. Let us assume that (i) is hold and let N be a o-pure submodule of M with 0 < a < X. 
Without loss of generality, we assume that y € NM H,(M). Then y € NN Hi(M), since 
H.(M) = Hi(M). From the 6-purity of N, we have y € H5(N) for every ordinal 6. Conse- 
quently, y € Ha(N). Thus N is A-pure, as expected. 


We continue in this way by the following. 


Theorem 3.3. Suppose o and X are ordinals, 1 <<a <X< oc and M is a QTAG-module. 
Ifo —1 exists, then M is a (0, X)-module if and only if the following hold: 

(i) fur(O) = 0 if 6 satisfieso <d+1<X. 

(it) Hoi(M) =U GV @Hi(M), where U and V are direct sum of uniserial modules of 


exponent k andk+1 respectively, for some k > 0. 


Proof. First assume that M is a (o,A)-module such that (i) is not hold. Suppose 
now (ii) holds. Then 0 < Hg(Soc(H;,(M)), for some k and an ordinal 6. Thus by Definition 
3-1]. there exists a parameter t, such that f(7,_,(1))(6) = 0, for some 6 < to. Let x be 
an uniform element of Ho+1,41(/) such that e(x) = co. Then by Lemma 3.3} , there exists 
a (a + t,)-pure submodule N, of H,-1(M), which is not (c +t, +1)-pure. But this is 
impossible because 0 + tz + 1 < A. Utilizing the preceding point, it is straight forward to 
compute that 
Ag +t,+1(M) = At, +2(Ho-1(M)) 

is a QT AG-module and besides it is direct sum of uniserial module. Let k = t, + 1. Then 
fur(o) £0 if kK—1 < 6 < k and the above condition on Hy1)(Ho-1(M)) holds (iz), as needed. 

Concerning the sufficiency, the first condition is straight forward from Lemma As 
for the second condition, let N be a o-pure submodule of M. Then N is (0 + k — 1)-pure, 
in conjunction with Lemma [3.1] , since fy(o) = 0 fora <d6+1<o0+k-1. In fact, 
for every ordinal a, we observe that 0 +k < a < X and choose y € NM Hy(M). Since 
H.(M) = Hoik(M) = Hi(M), we have y € H,(N). Hence N is a A-pure submodule of M, 
as required. 

We now settle the example to constructing extensions of (a, A)-module, which is parallel 


as assertion due to Moore and Hewett [14]. 
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Example: Let M be a (a, A)-module with N a y-pure submodule of M, for 0 < y < X. One 
can easily constructs a submodule L such that L is o-pure. Applying Lemma 3.2, L is \-pure 


and, hence, 6-pure for 0 < y < X. Thus, in view of Theorem 3.3, N is 6-pure, as required. 
4. OPEN PROBLEMS 
We close the work by formulating the following problems. 


Problem 4.1. Suppose M is a QTAG-module such that M/H,(M) is a direct sum of unis- 
erial modules and 1<oa<A< oo. Is then M (o0,A)-module if and only if H,(M) is? 


Problem 4.2. If 1 <o0< X< o and M is a (0,A)-module such that M = SyerMy, and 


N, is a X-pure submodule of My, then is it true that Sye,Ny is a A-pure submodule of M ? 


Problem 4.3. [fw <2» < cw. Can M is a (w,2)-module if and only if M = M, © Mo, 


where M, is an h-divisible and Mp is a direct sum of separable modules? 
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